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Abstract

Active debris removal is one of the promising techniques that will decrease
the population of large, non-functional spacecraft (space debris) on orbit.
Properties of space debris should be taken into account during planning an
active debris removal mission. In this paper the thrusting phase of tethered
deorbit of large space debris with flexible appendages is considered. The goal
of the work is to investigate the mutual influence of the tether vibrations and
the vibrations of flexible appendages during thrusting phase. A mathematical
model of the space tug and the towed space debris with flexible appendages is
developed. Parameters of the system are determined with assumptions that
the system is moving in straight line, avoiding high amplitude vibrations
of flexible appendages. The expression of the discriminant indicates that
the vibrations of the tether and flexible appendages influence each other. A
critical tether stiffness exists for the given space tug mass that should be
avoided.
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1. Introduction and problem formulation

There are more than 15,000 large objects in orbit around the Earth. Only
5% of these are active spacecraft, 17% are nonfunctional spacecraft, 13% are
orbital stages of rockets and the remaining percentage includes fragments
[1]. All these objects are tracked, therefore an active spacecraft or a space
station can avoid collision with such objects. The collisions of large space
debris with other debris can significantly increase the number of small debris
on the Earth orbit. The Fengyun 1C anti-satellite test [2] and the Cosmos-
Iridium collision [3] created over 5,000 small objects [4]. The debris cascade
effect described by Kessler has begun to occur [5]. Several orbits can be
dangerous for new missions therefore large debris should be removed. The
removal of five or more large debris per year can reduce the debris population.

The choice of the active debris removal technique depends on properties
of space debris. Recently several active debris removal methods have been
developed [6–9]. The active debris removal using a space tug with a tether is
one of promising techniques to decrease the population of large non-functional
satellites on the Earth orbit [10], [1]. The tethered tugging dynamics is
considered in [11–13].

Reference [1] noted that there are two types of large space debris: space-
craft and orbital stages. Orbital stages may be more easily deorbited be-
cause they don’t have large appendages such as antennas and solar panels.
The removal of passive spacecraft with flexible appendages is more complex
task. The vibrations of the flexible appendages should be considered that
may leads to the destruction of the spacecraft and the emergence of an even
greater number of small fragments.

The goal of the work is to investigate the influence of the tether vibration
and the vibrations of flexible appendages during the thruster-burn phase of
active debris removal. We consider the simplest thruster-burn phase when
only a constant thrust force acts on the space tug. All other forces and
torques (e.g. gravitational) are not taken into account.

Flexible spacecraft problems have received considerable attention. Dy-
namics of flexible structures considered in [14–17]. In this contribution we
use a classical approach to describe the motion of flexible appendages using
normal-mode coordinates [18].

The paper is divided on three main parts. In the section 2 the mathemat-
ical model of large space debris towed by a space tug is considered. In the
section 3 simplified mathematical model is obtained that allows to choose
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the tether stiffness for the given properties of the space debris to avoid high
vibrations of the flexible appendages. In the section 4 several numerical
examples are provided.

This paper continues the study began in [19–21]. In [19, 20] were con-
sidered an attitude motion of large space debris as a finite sized rigid body
during thruster-burn phase. In [21] a mathematical model is developed to
perform the preliminary research on the influence of the flexible appendages
of space debris to the initial phase of deorbit process.

2. Mathematical model

The studied mechanical system includes a space tug, considered as a
particle, a massless elastic tether and a passive spacecraft (space debris), as
a rigid body with two flexible appendages (panels). We suppose that the
attitude motion of the space tug is controlled by the attitude control system
of the tug, so the space tug is considered as a particle. We consider only
planar motion of the mechanical system relative to its center of mass under
the influence of only a thruster.

Lagrange dynamics are used to derive the angular equations of motion.
Fig. 1 illustrates the geometry of the mechanical system relative to an orbital
frame Ox0y0 which is assumed to be fixed for a short period in comparison
with the orbital period of the system.

2.1. The kinetic energy and the potential energy

The kinetic energy of the system is composed of the kinetic energy of the
rigid bodies Tb and the kinetic energy of the flexible appendages Ta

T = Ta + Tb (1)

The kinetic energy of the space tug and space debris are written as

Tb =
1

2

(
m1V

2
1 +m2V

2
2 + Jθ̇2

)
(2)

where m1 and m2 are masses of the tug and debris, J is the moment of inertia
of the debris, θ is the pitch attitude. The velocities of the space tug V1 and
space debris V2 in the frame Ox0y0 are

V2 =

[
ẋ
ẏ

]
, V1 =

dr1
dt

(3)
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Figure 1: Model of the space debris with flexible appendages

where
r1 = r2 + Aθ(ρA + τ l)

or [
x1
y1

]
=

[
x
y

]
+

[
cos θ − sin θ
sin θ cos θ

]
·
([

xA
yA

]
+ l

[
cosα
sinα

])
(4)

The kinetic energy of the flexible appendages is

Ta =
1

2

∫ la

0

(
V 2
a1 + V 2

a2

)
dm (5)

where la is the length of the flexible appendage (panel), Vai is the velocity
of a differential mass element dm of the flexible appendage i. According to
Fig. 1, velocity of an element dm is

Vai = V2 + ω × (ρi + τ iξi + niηi) + niη̇i (6)
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where ρ1 = [a, b, 0]T , ρ2 = [a,−b, 0]T are the vectors of the panel attachment
points, ω = [0, 0, θ̇]T is the angular velocity of the space debris.

The potential energy of the considered system consists of two terms: the
potential energy of the elastic tether and the potential energy of the flexible
appendages

U = Ul + Ua (7)

The potential energy of the elastic tether is given as

Ul =
ct
2

(l − l0)2 =
1

2
ctl

2
0ε

2 (8)

where ct is the tether stiffness, ε = (l − l0)/l0 is the tether elongation.
The potential energy of the flexible appendages that are considered as

beams can be written as

Ua =

∫ la

0

[
2∑
i=1

EiJi

(
∂2η

∂ξ2

)2
]
dξ (9)

where Ei is an elastic modulus (Young’s modulus), Ji is the second moment
of area of the beam’s cross-section. The deflection of the flexible appendage
i is defined as

ηi =
N∑
j=1

Φj(ξi) qij(t), i = 1, 2 (10)

where qij(t) are modal coordinates, N is the number of the assumed modes
considered, and Φj(ξi) are shape functions. The following shape function is
an acceptable candidate for a clamped-free beam [22, Table 9.4]

Φj(ξi) = Cj

[
cosh

ω
1/2
j ξi

li
− cos

ω
1/2
j ξi

li
−

dj

(
sinh

ω
1/2
j ξi

li
− sinh

ω
1/2
j ξi

li

)]
(11)

where Cj is an unessential constant multiplier that is taken so that Φj(la) = 1,

dj =
cosω

1/2
j + coshω

1/2
j

sinω
1/2
j + sinhω

1/2
j
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where ωj is a non-dimensional natural frequency. For the clamped-free beam
ωj defined by the equation [22]

cosω
1/2
j coshω

1/2
j = −1 (12)

where ω1 = 3.51, ω2 = 22.03, ω3 = 61.70, . . . are the roots of the equation
(12).

2.2. Lagrange equations and non-potential generalized forces

We use the Lagrangian formalism to write the motion equations of the
system

d

dt

∂L

∂ṡi
− ∂L

∂si
= Qi, i = 1, . . . , 5 + 2N. (13)

where s = (x, y, ε, α, θ, q1j, q2j) is a generalized coordinates vector, L = T−U
is the Lagrangian of the system Note 3

L =
1

3
µla
[
3(a2 + b2) + 3bla + l2a

]
θ̇2 +

m1

2

{
J

m1

θ̇2 +
m2

m1

V 2
2 +[

ẋ− θ̇ (xa sin θ + ya cos θ) + l0

(
ε̇ cos(α + θ)− (ε+ 1)

(
α̇ + θ̇

)
sin(α + θ)

)]2
+[

ẏ + θ̇ (xa cos θ − ya sin θ) + l0

(
ε̇ sin(α + θ) + (ε+ 1)

(
α̇ + θ̇

)
cos(α + θ)

)]2}
+

µlaV
2
2 + I1µla (ẋ cos θ + ẏ sin θ) (q̇1 + q̇2) +

1

2
I2µl

2
a(q̇

2
1 + q̇22)+

1

2
µla {ẏ [2a cos θ − sin θ (la + 2b)]− ẋ [cos θ (la + 2b) + 2a sin θ]} θ̇+

µla (I1b+ I3) (q̇2 − q̇1)θ̇ − U (14)

where q1 = q11, q2 = q21, µ is the linear mass of the beam,

I1 =

∫ la

0

Φ1(ξ)dξ, I2 =

∫ la

0

Φ2
1(ξ)dξ

I3 =

∫ la

0

ξΦ1(ξ)dξ, I4 =

∫ la

0

[Φ′′1 (ξ)]
2
dξ

(15)

Φ1(ξ) = cosh
ω1/2ξ

la
− cos

ω1/2ξ

la
− d

(
sinh

ω1/2ξ

la
− sinh

ω1/2ξ

la

)
(16)
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where [22]
ω = 3.51, d = 0.81 (17)

We consider the case when N = 1 and take into account only the thrust
force F as a single external force. The non-potential generalized forces are
defined as

Qi =
∂r1
∂si
· F, i = 1, . . . , 7 (18)

or in explicit form

Q1 = F

Q3 = Fl0 cos (α + θ)

Q4 = −Fl0 (1 + ε) sin (α + θ)

Q5 = −F [xa sin θ + ya cos θ + l0 (1 + ε) sin (α + θ)]

Q2 = Q6 = Q7 = 0

3. A simplified mathematical model of the plane motion

It is obvious that in the process of towing the space debris should not
be destroyed and its attached elements (solar panels) should not break away.
We first focus on the problem of determining the parameters of the system,
in which oscillations of the flexible appendages would be the lowest during
towing, and assume that the system is moving in a straight line

α = 0, θ = 0, y = 0 (19)

In the next two sections we simplify obtained mathematical model and an-
alyze the influence of the parameters of the system to the vibrations of the
flexible appendages of the space debris.

3.1. Governing equations

Considering the conditions (19), the equations of the straight-line motion
for the system are

Mẍ = F −maI1 (q̈1 + q̈2)− l0m1ε̈ (20)

m1ẍ+ l0m1ε̈ = F − ctl0ε (21)

maI2q̈1 + µI1ẍ = −EJlaI4q1 (22)

maI2q̈2 + µI1ẍ = −EJlaI4q2 (23)
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where ma = µla is the panel mass. Taking into account that Eqs. (22) and
(23) differ only by the variables q1 and q2 we can use new variable

q = q1 = q2

and rewrite (20)-(23) as

Mẍ = F − 2maI1q̈ − l0m1ε̈ (24)

m1ẍ+ l0m1ε̈ = F − ctl0ε (25)

maI2q̈ + µI1ẍ = −EJlaI4q (26)

Now we substitute ẍ from (24) into Eqs. (25)-(26) and yield two second order
linear non-homogeneous differential equations with constant coefficients

q̈ = cqqq + cqεε

ε̈ = cεqq + cεεε+ aε
(27)

where

aε =
F

l0m1

cqq =
EJla (m2 + 2ma) I4

µ [2maI21 − (m2 + 2ma) laI2]

cqε =
2ctl0I1

2maI21 − (m2 + 2ma) laI2

cεq =
EJlamaI1I4

µl0 [2maI21 − (m2 + 2ma) laI2]

cεε =
ctla (MI2 − 2µI21)

m1 [2maI21 − (m2 + 2ma) laI2]

(28)

Related homogeneous equations for (27) are written as

q̈ = cqqq + cqεε

ε̈ = cεqq + cεεε
(29)

3.2. Analysis

The solution of the homogeneous equation (29) can be taken from [23]

q = Aqe
λt

ε = Aεe
λt

(30)
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The characteristic equation for (29) is∣∣∣∣ cqq − λ2 cqε
cεq cεε − λ2

∣∣∣∣ = 0 (31)

The equation (31) has the following roots

λ2(1,2),(3,4) =
cqq + cεε

2
±
√
D (32)

where

D =
1

4
(cqq − cεε)2 + cqεcεq (33)

To examine the roots (32), define the signs of the coefficients (28) which de-
pend on the physical parameters of the system and the definite integrals (15).
The integrals (15) depend on the function (16). To simplify the computation
of these integrals expand the function (16) in a power series

Φ1(ξ) =
ωξ2

l2a
− dω3/2ξ3

3l3a
+O

(
ξ6
)

= Φ̃1(ξ) +O
(
ξ6
)

(34)

Fig. 2 shows a comparable results between the function Φ̃1(ξ) with the
“exact” function Φ1(ξ). The ratio error ε = (Φ(ξ)− Φ∗(ξ))/Φ(ξ) is only 1.5
%.
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Figure 2: Comparison of the functions Φ1(ξ) and Φ̃1(ξ)

It is important to note that the sign of the denominator of the coefficients
(28) depends on the sign of the function

Z(la) = 2maI
2
1 (la)− [m2 + 2ma]laI2(la) (35)
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Taking into account (15) and (34), the function (35) can be written in the
form

Z(la) = −
(

1

5
− ω1/2d

9
+
ωd2

63

)
ω2m2l

2
a−(

8

45
− ω1/2d

9
+
ωd2

56

)
ω2µl3a +O

(
l4a
)

(36)

For the mode N = 1, and for the values (17), the function (36) may be
rewritten in a simple form

Z (la) = −0.337m2l
2
a − 0.267µl3a < 0 (37)

Therefore, the denominators of all coefficients (28) are always negative. Sim-
ilarly, we can find the multiplier MI2 − 2µI21 , which is included in the nu-
merator of the coefficient css from (28)

MI2 − 2µI21 =

(
1

5
− ω1/2d

9
+
ωd2

63

)
(m1 +m2)ω

2la+(
8

45
− ω1/2d

9
+
ωd2

56

)
ω2µl2a +O

(
l4a
)

or
MI2 − 2µI21 = 0.337 (m1 +m2) la + 0.267µl2a > 0 (38)

Thus, according to (37) and (38) all coefficients from (28) are negative

cqq < 0, cqε < 0, cεq < 0, cεε < 0 (39)

The homogeneous equations (29) have periodic solutions, if the roots (32)
are less than zero. If the inequalities (39) hold as stated, then one pair of
roots (32) is always less than zero, and the other pair is less than zero if

|cqq + cεε| > 2
√
D

or according to (33)
cqqcεε > cqεcεq (40)

After substituting the coefficients (28) into (40) we obtain the following con-
dition

ctEJMlaI4
µm1Z(la)

< 0 (41)
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Taking into account (15) and (37), this condition is always satisfied. Thus,
the roots (32) are always less than zero and homogeneous equations (29) have
periodic solutions.

After substituting coefficients (28) into (33), the discriminant is written
as

D = M
4c2tµ

4I41 + [ctMµI2 − EJm1 (M −m1) I4]
2

4µ2m2
1 [(M −m1) I2 − 2µI21]

2 +

4ctµ
2I21 [EJm1 (M + m1) I4 − ctMµI2]

4µ2m2
1 [(M −m1) I2 − 2µI21]

2 (42)

The discriminant value (42) indicates the closeness of the roots (32) and
hence the degree of influence of the vibrations of the tether and the flexible
appendages on each other. A lower value of the discriminant corresponds to
closer frequencies (32) that should be avoided. Note 2

3.3. Numerical analysis

We assume that the characteristics of the space debris with the flexi-
ble appendages m2, EJ, la, µ are known, then the discriminant (42) can be
considered as a function of two variables: the tug mass m1 and the tether
stiffness

ct =
πd2TE

4l0
,

where E is a Young’s modulus and dT is the diameter of the tether. Let
us consider the tug-tether-debris system with the following parameters pre-
sented in Table 1.

The simulation results are depicted in Figs. 3 that shows the discriminant
(42) as a function of the tug mass and tether stiffness. The discriminant
D(ct,m1) has the pronounced minimum. We note that, as follows from (42)
the discriminant is a quadratic function of ct, which reaches the minimum at

ct = −EJm1 [2µ(2m1 +m2 + 2ma)I
2
1 −M(m2 − 2ma)I2] I4

µ(2µI21 −MI2)2
(43)

Fig. 4a shows the discriminant (42) as a function the tether stiffness for the
fixed tug mass m1 = 450 kg. A similar dependence of the mass of the tug
can be built for the fixed tether stiffness ct = 180 N/m (Fig. 4b).

Taking into account that the expression (42) has been obtained for the
simplified case, therefore for the general case of the motion this equation is
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Table 1: Parameters of the space tug and the space debris

Parameter Value Parameter Value

EJ , 184 a, m 1

m2, kg 2800 b, m 0.1

x1, m 3 x2, m 2

y1, m 0.5 y2, m -0.5

la, m 5 µ, kg/m 10

xa, m 2 ya, m 0

F , N 20 l0, m 50

an approximate. Obviously, it makes no sense to find a point corresponding
to the strictly minimum of the discriminant (42). For future calculations we
can take the point O∗ in the vicinity of the minimum (Fig. 3)

c∗t = 180N/m, m∗1 = 450 kg (44)

4. Numerical simulations

To confirm the results of the analysis in the section 3 we perform numer-
ical integration of the motion equations (13) for the following five points in
the plane (ct,m1) shown in Fig. 3.

Table 2: Parameters of the space tug and the passive spacecraft

Case Point ct m1 Figures

1 O∗ c∗t m∗1 5

2 A c∗t m∗1 + 250 kg 6a

3 B c∗t m∗1 − 250 kg 6b

4 C c∗t − 60N/m m∗1 6c

5 D c∗t + 60N/m m∗1 6d
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The initial conditions are

q1 = q2 = q̇1 = q̇2 = 0, ε = ε̇ = 0, α = α̇ = 0,

θ = 0.1, θ̇ = 0, x = ẋ = y = ẏ = 0

The results of the numerical simulation of the planar motion are made
for the parameters of the debris, shown in Fig. 5, 6. We note that the

0 100 200 300 400 500

-0.06

-0.04

-0.02

0.00

0.02

0.04

0.06

t, s

q
1

Figure 5: The time history of vibrations of the flexible appendage for Case 1

points A,B,C,D correspond to lower amplitude vibrations of the panel q1,
confirming the analytical predictions using the expression (42). The simula-
tion results confirm the validity of the assumptions on the choice of the tug
mass m1 and tether stiffness ct. So for the point O∗ the flexible appendage
vibrate with the largest amplitude in comparison to all the other cases (Fig.
7).

Large vibrations of the flexible appendages lead to damage of the ap-
pendage and to the creation of new debris. We note that the thrust tug F
and initial length of the tether l0 should be selected such that the tether has
always been strained.

5. Conclusion

The main contribution of this paper is the formulation of an approach for
the study of the motion of a towed satellite with flexible appendages. The
mathematical model of the thruster-burn phase is devised that takes into
account flexible properties of large space debris. The proposed simplified
mathematical model allows to choose the tether stiffness for specific space
debris and mass of the space tug. The critical tether stiffness exists for the
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a) Case 2
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d) Case 5
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Figure 6: The time history of vibrations of the flexible appendage

given space tug mass which should be avoided. All analytical and numerical
results presented in the work were confirmed in good agreement with the
direct numerical integration of the original motion equations.
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