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Abstract

Active debris removal using a space tug with a tether is one of the promising techniques to decrease the population of large
non-functional satellites and orbital stages in near Earth orbits. Properties of debris should be taken into account in the development
of the space tugs. In this paper we consider the motion of a debris objects with fuel residuals that can affect the safety of the debris trans-
portation process. The equations of the attitude motion of the tug—debris system in a central gravitational field are derived. Stationary
solutions of the equations are found. The system of linearized equations are introduced that can be used for short term analysis. The
numerical simulation results are provided that show good accuracy of the linearized equations. Proposed equations can be used to
analyze the attitude motion of the tug—debris system and to determine the conventional parameters for safe tethered transportation

of space debris.

© 2015 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction and problem formulation

During the last years several active debris removal meth-
ods were developed (Dafu and Xianren, 2008; Forward
et al., 2000; Kitamura et al., 2014). Active debris removal
using tethered space debris is one of the promising tech-
niques to decrease the population of large non-functional
satellites and orbital stages on the near Earth orbit
(Jasper et al., 2012; Jasper and Schaub, 2014). Reference
(Bonnal et al., 2013) noted that there are two types of large
space debris: spacecraft and orbital stages. On the one
hand, orbital stages may be more easily deorbited because
they don’t have large appendages such as antennas and
solar panels. Tethered transportation of spacecraft with
flexible appendages is considered in Aslanov and
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Yudintsev (2014), Aslanov and Yudintsev (2014). In the
other hand orbital stages may contain fuel residuals that
affect to the deorbit process. The effect of liquid fuel slosh
on spacecraft has been explored in the literature
(Reyhanoglu and Rubio Hervas, 2012; Yue, 2011; Rubio
Hervas and Reyhanoglu, 2014). This literature considers
the control of vehicle with fuel slosh dynamics. The aim
of the present paper is to develop a simple mathematical
model of the tug—debris system with fuel in terms of a
multibody system model that can be used to analyze active
debris removal missions.

The paper is divided into four parts. In the Section 2
nonlinear equations of the system are obtained that
describe the motion of tug—debris system in a central grav-
itational field. The attitude motion near the stationary
point is considered in the Section 3. Simplified linear
equations are derived. The numerical simulation results
provided in the Section 4. These results show that simpli-
fied equations give a good approximation to the exact
solution.
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2. Mathematical model

This section formulates the dynamics of the tug—debris
system. The debris is represented as a rigid body with fuel
sloshing mass. We suppose that the space tug has an atti-
tude control system that maintains required orientation
of the tug, so the tug is represented as a mass point. The
tether is considered as a massless rod. We use Lagrange
formalism to derive the equations of the relative motion.
A scheme of the system is shown in Fig. 1.

A solution of the general problem of oscillations of
residual fuel in a container is extremely difficult. Here we
use the simplest model where the sloshing liquid is modeled
as an equivalent pendulum model. Reference (Peterson
et al., 1989) demonstrates that equivalent pendulum model
can approximate motion of the fuel residuals (Reyhanoglu,
2010). This model can be used when the oscillations of lig-
uid are small (Abramson and Silverman, 1966; Ibrahim,
2005).

2.1. Kinematics of the system

The plain motion of the tug—debris system is considered
in orbital frame Cx,y, attached to the center of mass of the
entire system C. The motion of the system occurs through-
out the action of the thrust F and a central gravity force.
The thrust F is assumed to act along the axis Cx,.

The position of the debris relative to Cx,y, frame is
described by the angle 0 + o and the vector R,. The angle
o defines the orientation of the tether. The angle 6 is an

Tug F

i

Yo

Tether

Debris

Debris

Fig. 2. The space debris and the space tug.

angle between the tether and the longitudinal axis of the
debris (Fig. 2). The tether length is /,. The tether attach-
ment point is determined by the vector p,. We suppose that
the tether is attached at the longitudinal axis of debris
py = {x1,0}". The attachment point of the equivalent pen-
dulum is defined by the column vector p; = {x3,0}". The
pendulum length is /3. The angle ¢ of the pendulum with
respect to the debris longitudinal axis representing the fuel
slosh (Fig. 2). The column vector R, denotes the position of
the center of mass (C,) of the debris relative to the frame
Cx,y,. The position column vector of the tug is expressed as

R1:R2+A(0+oc)-p1+A(<x)-exll (1)

where e, = [1,0]" is an unit column vector, A (o), A(0 + o)
are rotation matrices

S
s Y

Fig. 1. Orbital frame.
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cosa —sina
A=) = [sinoz cos o }

~ [cos(0+0a) —sin(0 + )
A +2) = [sin(@—i—oc) cos(0 + a) ]

Position of the pendulum (fuel lump) relative to the frame
Cx,y, can be computed as

Ri =Ry +A(0+2) - (py — Alp) - e.ls) (2)
where

cosp —sing
Alp) = [ . } |

sing  cos@

The motion of tug, debris and the fuel is considered rel-
ative to the center of mass of the system therefore we can
write

iRimi =0 (3)
i=1

where m; is a mass of the tug (i = 1), space debris (i = 2)
and fuel (i = 3). Using (3) we can eliminate R, from the
expressions (1) and (2).

2.2. Kinetic energy and Lagrange equations

The kinetic energy of the relative motion of the tug deb-
ris and the fuel slug is given by

mV2+J.(0+ &)’ 4)

3
2T =

i=1

where J, is the moment of inertia of the debris. We suppose
we know all the moments inertia of the debris J,,J,,J, and
Jy, =J.; V; =dR;/dt is the velocity of the body i:

1 [lldt(ml —M)s, — l3m3038 51019 + 02 (x1 (M) — M) +m3x3)S,440 }

Vl:ﬂ

l]O‘((M* ml)ca —+ l3m3w3c“9+¢ +(,02(X1 (M - ml) - M3X3)C¢<+(.)

y 1 |:llm10.‘5:4 — [3m30385104¢ + 02 (M1X] 4 M3X3)S510 }
2=
M

—limydcy, + [3m3m3C,4 049 — @2(M1X1 + M3X3)Coig

v 1 [my (1168, +X1028540) — (M —m3) (X3028510 — 130038540+ }
=

TTUM | —Limybe, — L33 (M —m3)Caporp — @2Ca0(x3(m3 — M) +mx;)

where

CL)de(-F@, w3 =W+ @

The letters ¢ and s with a variable or an expression in the
subscript denote the cosine and sine of variable or expres-
sion respectively. Gravitational force G; that act on the
body i is

;i

Gl‘ = — r—3Ti (5)
where u is the Earth’s gravitational parameter, r; is the
position vector of the body i relative to the Earth’s center

r,-=r+R,—,i=1,2,3 (6)

r={0,r}" is the position column vector of the system cen-
ter of mass. The column vector of the thrust force is

F = {F,0}". We assume F = const.
The orbital frame Cxgy, is a non inertial frame so we
have to add inertial forces

D, =-—ma, + 0, X (0, Xx R) +¢& xR + 2w, x V;) (7)
where a, is acceleration of the system’s center of mass
—rV =27
a, = |: . . :| (8)
r—rv

w,, &, are the angular velocity and the angular acceleration
of the frame Cxgy,

0, ={0,0,v}", & =1{0,0,v}", (9)

To get derivatives 7, v, 7, it let us write the equations for
the center of mass of the system in osculating elements
v, p,e,a (Okhotsimskii, 1964):

v=+/u(l +ecosv), (10)

) pF
=& 11
p - (11)
é:_ze—&-cost’ (12)
mv
6=2p (13)
muve

where v=u — ¢ is a true anomaly angle, p is the focal
parameter of the orbit, e is the eccentricity, o is the angle
of periapsis, v is the orbital velocity

2
U\/,u(1+e + 2ecosv) (14)

p )
r is a distance of the center of mass of the system relative
to the center of the Earth

p
" T T+ ecosy (15)
The derivatives 7, v, ¥, it can be obtained after differentiating
the Eqgs. (13) and (15).
The space debris is considered as a rigid body, therefore
a gravitational torque should be taken into account
(Beletskii, 1966)

_3u

M, =25
: 2r§

(J, —J,)sin2(0 + a) (16)
The space tug and the fuel lump are considered as point
masses, so M, = M5, = 0.

Now we can write generalized forces (Taylor, 2005)

’;
= 8R, 6R

0= (Gi+®) ——+F —+M., k=123 (17)
i1 04 04y

where ¢, is a generalized coordinate

=0, q=0q=20¢ (18)
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Using (4) and (17) we can build the differential equations
of the considered system
d or 0T

Eﬁ_ql_a_ql:Ql’ l:172,3 (19)

2.3. Simplified equations

The obtained Eq. (19) can be integrated but they are
very cumbersome and inconvenient for motion analysis.
To determine the stationary solutions and then to study
of the motion near the stationary point, let us write simpli-
fied equations taking the following assumptions.

e the orbit of the mass center is not changed » = const, but
we take into account the non inertial motion of the orbi-
tal frame,

e the tether length is small relative to r.

The inertial forces can be simplified as follows. The cen-
trifugal force is

D, = —mfa, + 0, X (0, X R;)] (20)

where w, = /u/r® = const is the orbital angular velocity,
a, 1s a acceleration of the mass center

a, = —wir (21)
The second term of (20) can be rewritten as
o, X (0, xR;) = fcoiRl-,

so the centrifugal force get the form

®,; = mol(r+R)) (22)
For the circular orbit
u

so the expression (5) get the form

3
Gi = —'u—r:/lil',* = —wim,- |:£:| I; (24)
r; v

The expression in the braces for R; < r can be written

3 -3/2
H z[uzy'} ~1- 3%
.

Fi r
This simplification allows to rewrite G
(Lz—d%b—3%n (25)
The generalized forces get the form
Qk:F.g—Z+§:;m,-<—§+3w§%r—zwoxv,)g%"JrQ;, k=123

(26)
where o, = {0,0,,}",r = {0,7,0};0; = 0} =0,

0 = 3—’? (J. —J,)cos(0+ o) sin(0 + o) — J.V (27)
.

New generalized forces allow to write the simplified
equations of the motion, which will be used to study an
evolution of the system around stationary points. The
equations are given in the Appendix A.

3. Motion of the system near the stationary point
3.1. Stationary solution

Considered tug-tether—debris system can be represented
as a two mass system connected with a massless rod. In
central gravitational field this two mass system has two sta-
tionary points oy = 0 (unstable) and ogp = 7/2 (stable)
(Beletskii, 1966). Tug’s thrust F shifts stable stationary
point to o, < m/2. This stationary point depends on the
tug’s thrust, length of the tether and masses of the tug
and the debris.

To determine the stationary solutions of the equations,
the derivatives are set to zero

0=¢p=6=0, 0=p=a=0 (28)

In this case, the system of Egs. (19) converted to a
non-linear system of equations for the unknown angles
00, %o, Po-

To simplify the search for solutions of this system let us
obtain an approximation to get the stationary solution of
the system. We equate Q, (26) to zero and set 0 = 0 and
¢ =0. We get

(acoso— Fb)sina =0 (29)

where a, b are coefficients that depend on the parameters of
the system

a = 3603 (x1 + 11)2M1m1 + (Xj; — 13)2M3Wl3
+2m1m3(l3 —X3)(11 +.X'1)

b :Ml(xl +11) +m3(l3 —X3)

where M = m; +my + m3,M; =M —m;,i = 1,2,3.

Fig. 3a demonstrates the generalized force O, as a func-
tion of «. The figure shows two stationary points oy = 0
and ag, ~ 0.35. Fig. 3 is plotted for parameters presented
in the Table 1. Eq. (29) shows that the system has two sta-
tionary points. The first stationary point is determined by
the condition sin« = 0. The second stationary solution is
determined by the condition

acoso.—Fb =0 (30)

that exists only if Fb/a < 1. Fig. 3b shows stationary solu-
tion o as a function of tether length /; for F = 0.3 N and
the parameters of the system that are presented in the
Table 1. Fig. 3b demonstrates that there is only one sta-
tionary solution for the tether length /;, < /] =~ 400 m
OC():O7 90:0 (31)
There are two stationary solutions for /; > [}

g1 = 0, 901 =0 and Olgy > 0, 9()2 > 0. (32)
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a, rad

(b) ap as a function of [y

500 1000 1500 2000
Iy, m

Fig. 3. Generalized force O, as a function of 0 and stationary point «, as a function of the tether length.

Table 1

Parameters of the space tug and the debris.

Parameter Value Parameter Value
my, kg 200 m, kg 3000
m3, kg 500 l3, m 1

X3, m -1 X1, m 5
Jy=J., kgm? 10000 Jy, kg m? 3000

y

Fig. 4. Exhaust blast area of the space tug.

-

Exhaust blast area

To reduce the influence of the tether force to the motion
of the space tug tether length should be taken that results
only one stationary solution o = 0. In this case, the dis-
turbing torque of the tether force N, acting to the tug is
minimal. Also the motion with a small angle o ~ 0 reduces
risk of tether rupture due exposure to the tug’s jet Fig. 4.

3.1.1. Linearized equations

After determining the stationary solutions we can con-
struct linearized equations of motion in the neighborhood
of the stationary point 0y = oy = ¢, = 0.

We rewrite the kinetic energy of the system as a quadra-
tic form with constant coefficients

T(Q,Q) ~ T(q07Q) (33)

where g, = (6o, a0, @,) is the stationary point. In the
expressions for the generalized forces we set ¢ = ¢, + ¢,

were § = (0,4, ¢) are new variables that describe the devi-
ation from the stationary point ¢,. We expand the general-
ized forces in series of ¢ leaving only terms of first order of
g. Using the new expressions for the kinetic energy (33) and
the generalized forces we get equations in well know form

3
> (ayg; + byg) =0, i=1,2,3 (34)
j=1
ap dpp apg by b b
A= |ay an an|, B=|by by by (35)
az  ayp as; by b3y bis

The coefficients of the matrices 4 and B are

ayn = 2]31113(7?11)61 — M3X3) + mlxl(Mlxl — 2I113X3)

+ WI3M3X§ +JZM + Z§M3M3 (36)
djpp = dy = 137’}’13[1”11(2}(1 =+ 11) — 2M3X3 + I3M3]

— m1m3x3(2x1 + 11) + m1M1x1 (xl + 11) + I’YZ3M3X§ (37)

a3 = ay = lymymx; + Ms(l3 — x3)] (38)
b11 = (xl(m1(6m3wé(x; — 13) — F) + FM)

- 3m1M1w0x1 + m3(—Fx; — 3M3wé(13 —x;)z))

3(J.—J )M

+ Flsms — % (39)
b = bz] =3 2' = X (ml( 36&)5(21”’13([3 —x3)

+11M1) —F) +W) — 3m1M1w§x%

(40)

—|—m3(3w§(x3 — 13)(M3(l3 —)C3) —+ llml) — F)Cg,)
+Flym; — M
b13 = b31 = l3m3(F — 3603(7’)11)(1 +M3(l3 7)C3))) (41)
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(a) A\;(l), 5 =1,2,3 (b) N\;(F), 7=1,2,3. ; =100 m

T T

0.012

0.010

0.008

0.006 [-\*

Ai,1ls

0.004

0.002 i

0.000

Fig. 5. The natural frequencies of the system as functions of the tether length /, for F = 0.3 N and as functions of F for /; = 100 m, j = 1,2,3.

(b) Case 2

6, rad

a, rad

@, rad

h i i i ) ~0.6 i 1 i i L
0 200 400 600 800 1000 0 200 400 600 800 1000

ts t,s

Fig. 6. The solutions of the nonlinear 0, o, ¢ and linearized 0;, o, ¢, equations for to cases /; = 30 m (case 1) and /; = 300 m (case 2).

a» = 72[1m1(7M1X1 “+ m3x3 — Z3I’VI3) =+ 2[3}1’[3(1’”1)61 by = 13}'}13(6(1)3(M3X3 - ml(ll +X1)) +F) +F(M1 (xl
— M3X3) + mix (M]X] — 27}’Z3X3) + m3M3x§

=+ 11) — Wl3X3) — 3w§(m1M1(x1 + l])z =+ M3M3.X§
+ l§m3M3 + lfmlMl (42)

— 2mymsxs(x; + 11)) — 355m3M0] (44)

ay = daz;p = 13}'}13[7’}11()61 + ll) +M3(l3 —X3)] (43) by = b3y = 131’}1';{F - 30)3[7}’11()(1 + ll) +M3(13 _x3)}} (45)
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azy = Z§H13M3 (46)
b33 = l3Wl3(F - 3I3M3w§) (47)

Using the linear Eqs. (34) we can get the natural fre-
quencies of the system. The solutions of the Egs. (34) have
the form

q;=C;sinit, j=1,2,3 (48)

Substituting (48) into (34) we get
det(42* —B) =0 (49)

that allows us to find three frequencies 4;, 4, A3. Fig. 5a
shows the frequencies of the system as functions of tether
length. Fig. 5b and as functions of the thrust F.

4. Numerical example

Let us compare the solutions of the nonlinear system
(19) to the solutions of the linearized system (34) with the
following initial conditions

0o =0.1, g = 0.3, @y =0, 0 = &y = o = 0. (50)

The parameters of the system are shown in the Table 1.

The solutions are obtained for two cases. Case 1 for
/i =30 m, F =2N and case 2 for /; =300 m, F = 2N.
The simulation results are shown in Fig. 6. The comparison
of results show good accuracy of the approximate lin-
earized model.

5. Conclusion

The motion equations of debris with the fuel residuals
during tethered transportation are derived. The stationary
solutions of the equations are found. The linearized differ-
ential equations with constant coefficients governing the
motion of the system near the stationary point are derived.
It has been demonstrated that the solutions obtained by
means of the linearized system are in good agreement with
the solutions of the original nonlinear system of equations.
The proposed simplified equations can be readily used in
practice to investigate the motion of the tug—debris system
with fuel residuals for different parameters of the system.
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Appendix A. The nonlinear equations of motion

(J20 + Joi)M> + Lyms {x3 (m3(my — 2M) + m2 + M?)
+my (x1 (my + my — 2M) + maxs) + mix; } s,
+1im{lzm;Mec,_,

+[x1 (my (my + my — 2M) + m} + M?) — m3Mxs)c,_s}i
+my{ls (m;(ml +my —2M) + m} + M2)

—[xs (m3(my — 2M) + m% + M?)

+my (x1 (my + my — 2M) + msx3) + mixy|ep_, }y
+{—l3m3[x3(m3(my — 2M) + m3 + M?)

+my (x1 (my + my — 2M) + m3x3) + mixi|cp,

+my [2msxsx; (my + my — 2M) + m3x3 + M*x?)

+m3x3 (m3(m2 —2M) +m} + M2)

+mix) (x1(ma + m3 — 2M) + 2msx;) + m?x%}ﬁ
+2l3m3{x3[m3(my — 2M) + m3 + M?]

+m[x1 (my + my — 2M) + msxs) + mixi } wops,
+20my {xy [my (my + my — 2M) + m? + M?]sy
+Ml3mssg., — maMxssptwos =

Lyms{xs[ms(my — 2M) + m% + M?]

+my (x1 (my + my — 2M) + msx3) + mix; }pPss,

+62 lymy { lymyMs,—, — m3Mxys, g

+x1[my (my + msy — 2M) +m? + M*Js, g} + 3T uM*p~3cpsy
—FlymyMs, — Fx;(my(may + my — 2M) + m? + M?)
—maMxs]sg

%{lgn@ (m;(ml +my —2M) +m3 —&-Mz)sz},
—2l3ms3[(x3(mix) + ms(my — 2M) + m3 + M?)

+my (x1 (my + my — 2M) + m3x3))$204201 — LimiMeys,]
cp{lymysy (x1 (my(my + my — 2M) + m} + M?) — m3Mxs)
+sp{m1 (2msxsxi (my + my — 2M) + mix3 + sz%)
+m3x3(ms(my — 2M)

+m3 + M?) + m2x; (x1(may + my — 2M) + 2msyx3) + mix3}}
(A1)



1500

—3(m1(M2+m%+m1(72M+m2+m3))szal%

+2my (M13m38244 0+

+825100 (M +m3 +my (—2M +my+m3))x; — Mmsxs)) 1,
By (M +m3 + (—2M +my +my)ms3) s,
—213m3825120+ (X1m7 + ((—2M 4 my +m3)x) 4+ msx3)m,
(M 3+ (my —2M )m3)xcs) 25 (ximy

+x1((=2M +my+m3)x; + 2m3x3 )m?

(M2 +2m3 (—2M +my +m3)xsx; +mix2)my

+my (M2 m3 + (my —2M)m3)x3) o
—4911m1(Ml3m359+¢—I—S(q((Mz—l—mf

+my (—2M +my +m3))x; — Mmsx;) )y

+4plm; (s, (xym? + ((—2M +my +m3)x; +max3)m,
+H(M*+m2 4+ (my—2M ) m3)x3)

—Mlymysgy )0+ 2F (I, (M? +m? 4+my (=2M +my+m3))s,

+Mlymss, +sg(M* +m}+my(my+my —2M))x,
—Mmsx3))

+2(=limy (Mlymss, ., +5,_g((M* +m?

+my (=2M +my+m3))x; — Mmsxs)) 62

+&11m1(MCa_},l3M3 + ll(M2 +m%+m1(—2M+m2 —&-m;))

+Ca,ﬂ((M2+m%+m1 (72M+I’ﬂ2 +I113))X1 7MI113)C3))
—].)2137}13(6‘5,},()61”1%4' ((—2M+m2+m3)x1 +m3X3)m1
—|—(M2—|—m§—|— (mz —2M)m3)x3) —Ml1m1S177)

+B2(Limysy g (M? 4m3 +my (—2M +my +ms3) )x; — Mmaxs)

+1l3mysg, (xim? + ((—2M +my +ms3)x; +max3)m,
+(M? +mi+ (my—2M)m3)x3))

+:}}13H13(MC1,711"11 +l3(M2+m§+ (72M+m1 +I’I’lg)l’}13)

—cpy (xym? + ((=2M +my +m3)x; +max3)my

+(M? 3+ (my —2M)m3)x3)) + B(cpm M 1x, (¢, lsm;
—cpxsms+M(c,li+cpxi)) — cgmimsxs(c,lzms
—cpxzms+M (e ]y +cpxi)) +epma(myxy +msxs) (¢, limy
—c,lsms+cp(mix) +msx3))

+mypsg(myxy +msxs) (Limys, — lmss,

+sp(mixy +msxs3)) —mymasgxy (Ms(spxs — I3s,)

—my (118, +8px1))

+msMaspxs(Ms(spxs — I3s,) —my (115, +5px1))
+egmymaxy (my (culy +epxr) +Ms(e,ls—cpxs))
—cpmsMxs(my (e, 1y +cpxr) +Ms(c, 3 —cpx3))
+mysg(Myxy —msxs)(LLMs,+ [3mss,

+s5(M1x; —m3x3)))) =0

(A2)
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=33 (211miMe,s, — 2mix, c,s5— 2mamsx;c,sp
+15(my(my+my—2M) +m3 +M2)s2.,, +2my Mx 1825420+
+2m3Mx3824120+9 — 2m1Mx15, — 2m3Mxss,,

—IMMX 1824420+ — MIM3X 1820420+ — m§X3S2a+20+q)
—MM3X3825 420+ +MIM2X 1S, +M1M3X1S,
+m3x35,+mimsxss, —M2x3sz“+29+¢ +M2x3sq,)

+2(lym Moy, — Bc[;,.,(x3 (m3(my—2M) +m2+M?)

+my (x) (my+m3 —2M ) +msx3) +mix;)

+ 135 (m3 (my +my —2M ) +m3+M?)

621y my (=M ) s,y 4 B2 (3 (ma (my — 2M) +m3+M?)

+my (x1 (my+m3 —2M ) +max3) +mix) )ss_, ) +2FMs,

46 (s, (my (1 (my+mz —2M ) +m3x3 )+ M3x3)

—1ymy Msg, ) — 40005, (my (x1 (my+m3 —2M ) +msxs ) +Mx3)
—4Bw, (m3x) +mymsxz)s, =0

(A.3)

where y=a+ 0+ ¢, =0+ 0.
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