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Abstract This paper focuses on the attitude dynamics
of a defunct axisymmetric satellite under the action of
Coulomb forces to enable active space debris removal.
Touchless Coulomb interaction occurs between an
active spacecraft and the passive satellite at a fixed sep-
aration distance. The recently developed multi-sphere
method of Schaub and Stevenson allows providing a
simplified electrostatic force and torquemodel between
non-spherical space objects. The existence of torques
between charged bodiesmakes it necessary to study the
attitude motion of the passive satellite for ensuring the
safety of the space debris removal. The goal is first to
deduce the equations of motion in the canonical form
which is suitable for analytical analysis and then to
construct a phase portrait, and to obtain exact solutions
using Jacobi elliptic functions. Finally, for the disturbed
motion of the system of two bodies, when the distance
between the active spacecraft and the defunct satellite
(or) and charge voltage changes slowly over time, adi-
abatic invariants are found in terms of the complete
elliptic integrals. In this case, the adiabatic invariants
are approximately first integrals of the disturbed system
and they remain approximately constant for long time
intervals duringwhich the parameters change consider-
ably. For a plane motion, the adiabatic invariants used
to obtain an analytical solution for envelope of a deflec-
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tion angle of the defunct satellite. Thiswork extends the
theory to the three-dimensional tumbling motion of a
satellite on an orbit. The obtained results can be applied
to study an opportunity of the space debris removal by
the Coulomb interaction with the active spacecraft as a
pusher.

Keywords Electrostatic toque · Satellite · Adiabatic
invariants · Exact solutions · Space debris

Abbreviation

MSM Multi-Sphere Method

1 Introduction

Electrostatic actuation in space has been proposed as
early as 1966 by Cover et al. [1]. Electrostatic force
actuation for spacecraft formation control is a concept
that is gaining significant attention in the field of for-
mation flying [2,3]. Coulomb formation flying dynam-
ics and control has been studied in numerous publica-
tions, for example [4–7]. Non-cooperative electrostatic
control sees an application in orbital space debris mit-
igation for bodies such as defunct satellites or spent
upper-stage boosters. Orbital servicing is a challeng-
ing space mission concept that requires an active host
vehicle to approach andmechanically interfacewith the
defunct satellite or satellite component [8–11]. Refer-
ence [12] discusses the translational feedback control
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where a nominally constant potential field is gener-
ated between the tug and debris to pull it to a dis-
posal orbit. In this earlier work, the debris is left to
detumble during this tugging operation.While the sim-
ulations include this impact through numerical MSM
modeling, the nature of how the debris will tumble sub-
ject to this electrostatic torque is not explored in that
paper. An important value for the study of the bodies
behavior under the influence of the Coulomb forces has
the multi-sphere method (MSM) which represents the
complete spacecraft electrostatic charging model as a
collection of spherical conductors dispersed through
the body [8] to provide induced charging effects con-
sistent with finite element methods. The cylinder con-
figuration with a three-sphere MSM, representative of
the above mentioned rocket bodies and defunct space-
craft, is presented in Fig. 1. Visible are the electro-
static forces between spheres, the projection angle for
the torque controller, and the inertial station keeping
thrust. The three-sphere MSM approximation provides
sufficient force and torque accuracy, within a percent
of the finite element solution, for the separation dis-
tances considered [11]. All three conducting spheres
are centered along the long axis of the cylinder which
provides a diagonal moment of inertia matrix and sym-
metric charging. These two simplifications are crucial
in the analysis.

The Schaub and Stevenson method [8] for deter-
mining the Coulomb torques provides an opportunity
to explore the dynamics of the defunct satellite in the
case of the Coulomb interaction by analytical methods.

Fig. 1 Three-sphere MSM cylinder and spherical spacecraft
configuration [8]

This study focuses on attitude motion of a defunct
axisymmetric satellite under the action of Coulomb
forces. The goal is to understand the dynamical prop-
erties of an uncontrolled satellite described by a three-
dimensional model. Note that reference [10] considers
feedback control which this work does not. The Hamil-
tonian canonical equations are written in Euler angles
as of generalized coordinates. We find the exact analyt-
ical solutions of the canonical equations using Jacobi
elliptic functions. Next, we assume that the distance
between the active spacecraft and the defunct satellite
(or) and charge voltage changes slowly over time and
then adiabatic invariants are obtained in terms of the
complete elliptic integrals. These adiabatic invariants
remain approximately constant for long time intervals
duringwhich the parameters change considerably. For a
planemotion, the adiabatic invariants are used to obtain
an analytical solution for envelope of a deflection angle
of the defunct satellite.

2 Equations of motion

The cylinder in this study tumbles with three rotational
degrees of freedom: three Euler angles (precession ψ ,
nutation θ , and roll [proper rotation] φ). Euler angles
are aminimal representation of the orientation of a rigid
body unlike to the directional cosine matrix. There are
several sets of Euler angles, depending on the axes
about which the rotations are performed. The Euler
angles are chosen as shown in [13, pp. 9–10]. The cylin-
der has body fixed coordinates with b̂3 through the long
axis, and with b̂1 and b̂2 in the right handed transverse
directions. The non-rotating

(
â1, â2, â3

)
and cylinder

fixed
(
b̂1, b̂2, b̂3

)
frames are graphically represented

in Fig. 1.
As it follows from [8] that both bodies (three-sphere

MSM cylinder and spherical spacecraft) have the same
potentialmagnitude,Φ2 = |Φ1|. Body 1 has a potential
Φ = Φ1 which can have either sign. The expression
for the torque magnitude can be separated into depen-
dencies on the control voltage Φ and cylinder nutation
angle θ [8,14]

L = −γ f (�) sin 2θ (1)

where γ is a model calibration constant, f (Φ) =
f̄ = const is the separation of the potential depen-
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Exact solutions and adiabatic invariants for equations of satellite attitude motion 2547

dence function of the voltage Φ. Equation (1) does not
include feedback control [10].

Let us consider the spatial motion of the cylinder
(body 2) about its center of mass O2. Kinetic energy
and potential energy in this case become

T = 1

2

(
I1 p

2 + I2q
2 + I3r

2
)

= 1

2

[
+I1

(
φ̇ sin θ sinψ + θ̇ cosψ

)2

+ I1
(
φ̇ sin θ cosψ − θ̇ sinψ

)2

+I3
(
φ̇ cos θ + ψ̇

)2]
, (2)

Π = −
∫

L (θ)dθ = b cos2 θ, (3)

b = −γ f̄ < 0 (4)

where b is the coefficient of the torque of the Coulomb
forces (1), Π(θ) is the potential of the torque of
the Coulomb forces (1), (p, q, r) are rotation compo-
nents in the body 2 frame, (ψ, θ, φ) are Euler angles,
(I1 = I2, I3) are inertia moments of the axisymmetric
body 2.

Then, the Hamiltonian is [15]

H = p2θ
2I1

+
(
pψ − pφ cos θ

)2

2I1 sin2 θ
+ p2φ

2I3
+ b cos2 θ (5)

where q = (ψ, θ, φ) are the generalized coordinates,

pq =
(

∂T
∂ψ̇

, ∂T
∂θ̇

, ∂T
∂φ̇

)
are the generalized momentums.

Using the Hamiltonian (5), the canonical equations
are obtained

ṗθ = −∂H

∂θ
= −

(
pψ − pφ cos θ

) (
pφ − pψ cos θ

)

I1 sin3 θ

+ b sin 2θ, (6)

ṗψ = −∂H

∂ψ
= 0, (7)

ṗφ = −∂H

∂φ
= 0, (8)

θ̇ = ∂H

∂pθ

= pθ

I1
, (9)

ψ̇ = ∂H

∂pψ

= pψ − pφ cos θ

I1 sin2 θ
, (10)

φ̇ = ∂H

∂pφ

= pφ

I3
−

(
pψ − pφ cos θ

)
cos θ

I1 sin2 θ
. (11)

Canonical equations (6)–(11) have two first integrals

pψ = const, pφ = const (12)

and Eqs. (6)–(11) are reduced to a single second-order
equation

θ̈ + (G − R cos θ) (R − G cos θ)

sin3 θ
− b sin 2θ = 0

(13)

where G = pψ/I1 is up to a factor, of the angu-
lar momentum projection on the precession axis â3,
and R = pφ/I1 is up to a factor, of the projection of
the angular momentum on the proper rotation axis b̂3
(Fig. 1).

It can be noted that the Hamiltonian (5) coincides
with the Hamiltonian for two cases of motion of a rigid
body: at first, for dynamically symmetric body in a fluid
[16,17], and secondly, for blunt-shaped spacecraft of
small elongation descended in an atmosphere [18]. If
the general solution of Eq. (13) is found, then Eqs. (10)
and (11) can be integrated in quadratures.

3 Qualitative analysis of Eq. (13)

Let us consider characteristic features of the body 2
motion under the action of the Coulomb torque (1).
Equation (13) corresponds to the first integral

θ̇2

2
+ G2 + R2 − 2GR cos θ

2 sin2 θ
+ b cos2 θ = h = const

(14)

which is different from the Hamiltonian (5) only by a
constant factor and a constant term. After substituting
u = cosα, the integral (14) takes the form

u̇2

2(1 − u2)
+ W (u) = h. (15)

where

W (u) = Wg(u) + Wr (u),

Wg(u) = G2 + R2 − 2GRu

2(1 − u2)
, Wr (u) = bu2. (16)

The potential energy W (u) determines the nature of
the phase portrait of the system. In particular, extreme
points of this function determine the singular points.
The stable points of the center type correspond to the
minimums, and the unstable saddle points correspond
to the maximums. To study the behavior of the function
W (u) for different combinations of the parameters R,
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G and b, we first find the derivative of the function
Wg(u) with respect to the variable u

W ′
g(u) =

(
R2 + G2

)
u − RG

(
1 + u2

)

(
1 − u2

)2 .

The numerator of the fraction has real mutually
inverse roots R/G and G/R, only one of which
belongs to the interval [−1, 1]. Consequently, a unique
extremum of the function Wg(u) exists, where this
extremum, equal to 0.5max(R2,G2) ≥ 0, is obviously
a minimum. Analyzing the second derivative

W ′′
g (u) =

(
R2 + G2

) (
1 + 3u2

) − 2RGu
(
3 + u2

)

(
1 − u2

)3 ,

we can establish that it, like the functionWg(u) itself, is
nonnegative on the interval [−1, 1]. Indeed, the numer-
ator has extreme value in the already known points
R/G and G/R, equal to (G2 − R2)2R−2 ≥ 0 and
(G2 − R2)2G−2 ≥ 0 respectively, while at the ends of
the interval u = ±1 it has the values 4 (G ∓ R)2 ≥ 0.
Hence it follows that the function Wg(u) has no points
of inflection, and its derivative increasesmonotonically
over the whole interval.

Now, we consider the quadratic function Wr (u). It
has an extremumat the point u = 0,where its derivative
W ′

r (u) = 2bu is equal to zero. The second derivative

W ′′
r (u) = 2b

is a constant quantity. It follows from this that when
the condition

b ≥ −min
−1≤u≤1

(
W ′′

g (u)

2

)

≡ b∗ (17)

is satisfied, the second derivative W ′′(u) = W ′′
g (u) +

W ′′
r (u) is nonnegative and function W (u) on the inter-

val (−1, 1) has no inflection points (Fig. 2). Thismeans
that there is a unique stable equilibrium position on the
phase portrait of the system, and there is no singular
saddle point.

If the condition (17) is not satisfied, then twominima
and a single maximum of the function W (u) exist in
the interval (−1, 1). It corresponds to the presence on
the phase portrait of an unstable singular saddle-type
point. This situation takes place when the following
condition is satisfied

W ′(u∗1) · W ′(u∗2) < 0 (18)

where u∗1, u∗2 are the roots of the equationW ′′(u) = 0.

Fig. 2 Phase portrait for b > b∗ (G = 1.4 s−1, R =
0.5 s−1, b∗ = −0.916 s−2, b = −0.5 s−2)

When condition (18) is satisfied, the phase plane
is separated by the separatrix into the following three
areas: an outer area A0 and two inner areas A1 and A2

(Fig. 3).
If the energy of the system E exceeds the value of the

function W (u) at the maximum point (W (u0) = W0),
then motion occurs in the outer area A0 on the unique
phase trajectory. In the opposite case, when E < W0,
the motion can be performed in inner areas A1 or A2

(Fig. 3). Being in a particular area is defined by the
initial conditions. Strict equality E = W0 corresponds
to the motion on the separatrix.

4 Exact analytical solutions

The Eq. (15) can be written as

u̇2 = f (u) (19)

where

f (u) = 2bu4 − 2(b + h)u2

+ 2GRu + (2h − G2 − R2). (20)
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Exact solutions and adiabatic invariants for equations of satellite attitude motion 2549

Fig. 3 Phase portrait for b < b∗ (G = 1.4 s−1, R =
0.5 s−1, b∗ = −0.916 s−2, b = −10 s−2)

Separating the variables in (19) and integrating it, we
get

t − t0 = ±
u∫

u0

du√
f (u)

. (21)

As seen from (20), f (u) is the polynomial function of
degree four; this means that the integral (21) belongs
to the family of elliptic integrals [19].

The polynomial (20) has four roots u1, u2, u3, u4,
which are determined by values of the parameters b,
R, G, h. The number of possible options for the roots
location is limited.Let us study the polynomial function
to detect these options. At the points u = ±∞ and
u = ±1, this function takes values

f (±∞) = sign (b) · ∞,

f (±1) = − (G ∓ R)2 ≤ 0. (22)

In the case of real mechanical motion, the variable u
lies in the interval [−1,+1]; and the function f (u) is
nonnegative in view of Eq. (19). Because f (±1) ≤
0, the polynomial f (u) must have an even number of
zeros in this interval.

If the parameter b > 0, the only one option for the
roots location is possible in accordance with (22). All
the roots u1, u2, u3, u4 are real numbers. Two of them
are inside the interval [−1,+1], and the other two lie
outside (Fig. 4a). Let us suppose that u3 ≤ −1 and
u4 ≥ 1. Here and below, the roots are numbered so that
the interval [u2, u1] ⊂ [−1,+1] corresponds to real
mechanical motion.

If the parameter b < 0 as in this case, there are
several options. If the roots u3 and u4 are real, then
there are two cases when these roots are located outside
the interval [−1,+1]:

u4 < u3 < −1 (Fig. 4b) and u3 > u4 > 1 (Fig. 4d)
And two cases—when within the interval [−1,+1]

(Fig. 4c):

−1 < u4 < u3 < u2 < u1 < 1 and

−1 < u2 < u1 < u4 < u3 < 1.

If the roots u3 and u4 are complex conjugate: u3 =
u34 + iv, u3 = u34 − iv, there are three options for the
roots. The real part of the complex conjugate roots can
be located to the left of the interval [−1,+1] (Fig. 4b),
inside it (Fig. 4c), or to the right (Fig. 4d): u34 < −1,
−1 ≤ u1 < u34 < u2 ≤ 1, u34 > 1. Here, i is the
imaginary unit. Table 1 contains all possible options
for the roots location.

Variable substitution u = u(γ ) allows reducing the
integral (21) to normal elliptic integrals [19]. The con-
crete formof this substitution depends on the type of the
polynomial f (u) roots.When all roots are real (options
R0–R4 in Table 1), the substitution has the form

u = u1 (u2 − u3) + u3 (u1 − u2) cos2 γ

(u2 − u3) + (u1 − u2) cos2 γ
. (23)

When there are complex conjugate roots, variable sub-
stitution has the form

u = (u2 + u1ξ) − (u2 − u1ξ) cos γ

(1 + ξ) − (1 − ξ) cos γ
(24)

where ξ = cosχ1/ cosχ2, tgχ1 = (u1 − u34) /v,
tgχ2 = (u2 − u34) /v.

Using Eq. (23) or (24), we rewrite integrand in (21)
in the form

du√
f (u)

= μ

2 |b| · dγ
√
1 − k2 sin2 γ

.
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Fig. 4 The roots of the
polynomial f (u)

Table 1 Location of the
polynomial f (u) roots

Option b u1, u2 u3, u4 Roots type

R0 b > 0 −1 < u2 <

u1 < 1
u3 < −1, u4 > 1

R1 b < 0 u4 < u3 < −1 All roots are real

R2 u3 > u4 > 1

R3 −1 < u4 < u3 <

u2 < u1 < 1

R4 −1 < u2 < u1 <

u4 < u3 < 1

C0 u2 < u34 < u1 The roots u1, u2 are real, and the roots
u3, u4 are complex conjugate

C1 u34 < u2

C2 u34 > u1

The parameters μ and k are functions of the roots u1,
u2, u3, u4. Taking into account the last expression, the
integral (21) can be written as

βt + τ0 =
γ∫

0

dγ
(
1 − k2 sin2 γ

)1/2 = F (γ, k) . (25)

Here, β = 2 |b| /μ, F (γ, k) is the incomplete elliptic
integral of the first kind [19], and τ0 is the integrating
constant. Solving the equation with respect to γ , we
obtain

γ = am(βt + τ0, k) (26)

where am (γ, k) is the Jacobi amplitude function.
Substituting (26) into (23), (24) and performing sim-

ple transformations, we obtain the general solution for
the nutation angle in the form

cosα = u = L + M

1 + Ncnδ (βt + τ0, k)
(27)

where cn (γ, k) is the Jacobi elliptic cosine.
It should be noted that for the first time a similar

solution was given in [20] and further developed in
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[21,22]. The parameters L , M, N , β, k, δ depend on
the roots of the polynomial f (u). In the case of the real
roots, they are calculated as

L = u3, M = u1 − u3, N = u1−u2
u2−u3

, δ = 2,

k2 = (u1−u2)(u3−u4)
(u1−u3)(u2−u4)

, β =
√

− b
2 (u1 − u3) (u2 − u4).

(28)

In the case of complex conjugate roots existence, the
parameters are calculated as follows

L = u1ξ−u2
ξ−1 , M = 2ξ(u2−u1)

ξ2−1
, N = ξ−1

ξ+1 , δ = 1,

k2 = 1
2

(
1 − ζ

η

)
, β = √−2bη, ξ =

√
(u2−u34)2+v2√
(u1−u34)2+v2

,

η =
√(

(u1 − u34)2 + v2
) (

(u2 − u34)2 + v2
)
,

ζ = (u1 − u34) (u2 − u34) + v2.

(29)

The value of τ0 is determined from the initial condi-
tions

τ0 = F (γ0, k) , γ0

= −sign (α̇0) arccos

[
L + M − cosα0

N (cosα0 − L)

]1/δ
.

The general solution (27) allows to determine a period
Tα and a frequencyωα of the total angle of attack. Since
the periods of the functions cn(x, k) and cn2(x, k) are
4K (k) and 2K (k), respectively, the period Tα and the
frequency ωα take the forms

Tα = 4K (k)

δβ
, ωα = δπβ

2K (k)
(30)

where K (k) = F
(

π
2 , k

)
is the complete elliptic inte-

gral of the first kind [19].
Let us consider options for the roots location on the

boundary between the cases presented in Table 1:

1: R3–C0, R4–C0 when u2 = u3, v = 0 or u1 =
u4, v = 0;
2: R1–C1, R2–C2, R3–C1, R4–C2 when u3 = u4,
v = 0.

It should be noted that cases R1–C1 and R3–C1 may
coincide forming case R1–R3–C1 (u3 = u4 = −1).
Similarly, R2–C2 and R4–C2 form a case R2–R4–C2
(u3 = u4 = 1). From Eqs. (28), (29) it follows that
k = 0 for options R1–C1, R2–C2, R3–C1, R4–C2. It
can be shown that in these cases after substitution of
(28), (29) in (23) and (24) they are reduced to a sin-
gle general solution, which does not contain elliptic
functions. Options R3–C0, R4–C0 exist only when the

condition (18) is satisfied. These cases correspond to
the motion along the separatrix. According to Eqs. (28)
and (29), the module k = 1, which implies that the
frequency ωα is equal to zero, and the period Tα is infi-
nite. This phenomenon is explained by the asymptotic
deceleration of motion in the vicinity of a saddle point.

Another important particular case is regular preces-
sion. This motion mode is implemented at equality of
the roots u1 = u2. In this case, N = 0 and the general
solution (27) takes the form cosα = u1.

The solutions for the precession angle ψ and roll
angle φ were obtained in elliptic functions using gen-
eral solution (27) by Serov [21]

ψ − ψ0 = (RL − G)t

L2 − 1
+ [

χ+�(γ, ω+, k) − χ−�(γ, ω−, k)

+ω+L+(γ ) − ω−L−(γ )
]γ (t)
γ0

,

φ − φ0 = (GL − R)t

L2 − 1
+ Rt

(
I

Ix
− 1

)

+ [
χ+�(γ, ω+, k) + χ−�(γ, ω−, k)

+ω+L+(γ )

+ω−L−(γ )
]γ (t)
γ0

where

�(γ, ω, k) =
γ∫

0

dγ
(
1 + ω sin2 γ

) (
1 − k2 sin2 γ

)1/2

is the incomplete elliptic integral of the third kind [23].
Here, γ (t) is defined by (26),

γ0 = −sign(α̇0)δ
−1 arcsin

√
L + M − cosα0

N (cosα0 − L)
.

In the case of real roots of the polynomial f (u)

ω± = (u1 − u2)(1 ± u3)

(u3 − u1)(1 ± u2)
,

χ± = (G ± R)(u3 − u2)

2β(1 ± u2)(1 ± u3)
,

L+(γ ) = L−(γ ) = 0;
in the case of complex conjugate roots

ω± = ((1 ± u1) − ξ(1 ± u2))
2

4ξ(1 ± u1)(1 ± u2)
,

χ± = (G ± R)(u1 − u2)

4β(1 ± u1)(1 ± u2)

(1 ± u1) + ξ(1 ± u2)

(1 ± u1) − ξ(1 ± u2)
,

L±(γ ) = −
√
k2 + ω± arctan

( √
k2 + ω±

sin γ (1 − k2 sin γ )

)−1/2

.
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5 Perturbed motion and adiabatic invariants

In the above, we have found the exact analytical solu-
tions of the Hamiltonian equations (6)–(11). Now, con-
sider the motion of the body 2 supposing that voltage
value Φ (or) and the distance d = O1O2 between the
bodies 1 and 2 (Fig. 1) is slowly changing with time. It
means that the coefficient (4) is a smooth non-periodic
function which also changes slowly with time

db

dt
= O (ε) (31)

where ε is a small parameter.
In this case, the motion of the body 2 is disturbed.

According to Eqs. (5) and (14), we have a slow change
of the Hamiltonian H (εt) and the magnitude of

h (εt) = θ̇2

2
+ G2 + R2 − 2GR cos θ

2 sin2 θ

+ b (εt) cos2 θ. (32)

We introduce a new variable action [24]

Ig =
θmax∫

θmin

θ̇dθ (33)

where θmin, θmax are the amplitude values of the nuta-
tion angle; in the case of the plane rotation, θmin = −π ,
θmax = π . It is obvious that the real motion responds
the following roots of the polynomial (20)

u1 = cos θmin, u2 = cos θmax. (34)

If the parameter b changes with time, the system (6)–
(11) in general does not have any, even approximate,
first integral (32). However, if the parameter b is chang-
ing slowly as it does in this case an approximate first
integral exists. This approximate first integral is the
variable action (33)

Ig (h (εt) , b (εt)) ≈ const. (35)

Then, the variable action 33 is called an adiabatic
invariant.

Using the change of variables u = cos θ and
Eqs. (19) and (20), we obtain

Ig = −κ

u2∫

u1

√
f (u)

1 − u2
du. (36)

In the case of the plane rotation u1 = 1, u2 = −1. If the
body performs plane oscillations in the neighborhood
of θ = 0, then u1 = 1, u2 = cos θmax. In the case

of plane oscillations in the neighborhood of θ = π :
u1 = cos θmin, u2 = −1. The parameter κ takes the
value κ = 2 for the case of plane motion, or κ = 1 for
other cases.

Integral (36) belongs to the class of elliptic integrals
and can be reduced to the normal elliptic integrals [23].
The result of integration depends on the type of the
polynomial f (u) roots. Two of the four roots of the
polynomial u1 = cos θmin and u2 = cos θmax corre-
spond to the actual physical motion. Roots u1 and u2
must belong to the interval [−1,+1]. The other two
roots u3, u4 can be either real or complex conjugate
depending on the parameters h, b, R, G. We will use
the following method of the roots enumeration. For
b < 0, then u3 > u4.

First, consider the case of the plane motion, which
is implemented at R = 0 and G = 0. Reduction of
the integral (36) to the normal elliptic integrals is car-
ried out the change of variables u = u(γ ). This change
transforms the integration interval [u2, u1] to the inter-
val [0, π/2] of the real argument γ . The specific form
of u(γ ) depends on the type of the polynomial roots
and on the sign of the leading coefficient b.

If all roots are real, then change of variables takes
form

u = u2(u1 − u3) − u3(u1 − u2) sin2 γ

(u1 − u3) − (u1 − u2) sin2 γ
(37)

and the integral (36) can be reduced to

I pg = κσ

{
hK (k) − b

[(
λ2 − 0.5

υ2

1 + n

)
K (k)

+
(

nυ2

2 (1 + n)
(
k2 + n

)

)

E(k)

+
(

υ2

2

(
n + 2k2

k2 + n
+ 1

1 + n

)
+ 2λυ

)

Π(n, k)

] }
(38)

where K (k), E(k) and Π(n, k) are complete elliptic
integrals of the I, II and III kind

K (k) =
π
2∫

0

dγ
(
1 − k2 sin2 γ

)1/2 , (39)

E (k) =
π
2∫

0

(
1 − k2 sin2 γ

)1/2
dγ , (40)
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�(n, k) =
π
2∫

0

dγ
(
1 + n sin2 γ

) (
1 − k2 sin2 γ

)1/2 ,

(41)

k =
√

(u3 − u4)(u2 − u1)

(u3 − u1)(u2 − u4)
, n = u2 − u1

u1 − u3
,

σ = 4√−2b(u1 − u3)(u2 − u4)
,

λ = u3, υ = (u2 − u3). (42)

If there are two real roots (u1, u2) and two complex
conjugate roots (u3 = u34 + iv, u3 = u34 − iv), then
the following change of variables is used for calculation
of (36)

u = u2 + u1ξ − (u2 − ξu1) cos γ

(1 + ξ) − (1 − ξ) cos γ
(43)

where ξ = cosχ1
cosχ2

, tgχ1 = u1−u34
ν

, tgχ2 = u2−u34
ν

. In
this case integral (36) takes form

I pg = κσ
{
hK (k) − b

[(
λ2 − υ2(1 + n)

)
K (k)

+
(

υ2(1 + n)n

k2 + n

)
E(k)

+ (1 + n)

(
υ2(1 + n)(n + 2k2)

k2 + n
+ 2λυ

)

Π(n, k)
] }

(44)

where

k =
√√√
√1

2

(

1 − (u1 − u34)(u2 − u34) + ν2
√

((u1 − u34)2 + ν2)((u2 − u34)2 + ν2)

)

,

n = (ξ − 1)2

4ξ
,

υ = 2ξ(u2 − u1)

ξ2 − 1
, λ = u1ξ − u2

ξ − 1
, ξ =

√
(u2 − u34)2 + ν2

(u1 − u34)2 + ν2

σ = 4
√

−2b
√

((u1 − u34)2 + ν2)((u2 − u34)2 + ν2)

.

Next, consider the general case of the body motion. In
the case of real roots, the integral (36) can be calculated
by using (37) and expression

Ig = I pg − σ

2

2∑

i=1

di [λi K (k) + (υi − λi )Π(ni , k)]

(45)

where d1,2 = (R∓G)2

2 , n1,2 = (u2−u1)(1∓u3)
(u1−u3)(1∓u2)

, λ1,2 =
1

1∓u3
, υ1,2 = 1

1∓u2
. υ1,2 = 1+ξ

1+ξ∓u2∓ξu1
−λ1,2. Integral

I pg is defined by (38).
In the case of complex conjugate roots existence,

the change of variables should be used to reduce the
integral (36) to complete elliptic integrals

Ig = I pg − σ

4

2∑

i=1

di [λi K (k) + υi (1 + ni )Π(ni , k)]

(46)

where n1,2 = (ξ−1±u2∓ξu1)2

4ξ(1∓u1∓u2+u1u2)
, λ1,2 = ξ−1

ξ−1±u2∓ξu1
,

υ1,2 = 1+ξ
1+ξ∓u2∓ξu1

− λ1,2.

Integral I pg is defined by (44).
To illustrate the properties of the adiabatic invari-

ant, consider the dependence for the coefficient of the
torque of the Coulomb forces (4), determined by

b = b0 + bt t (47)

where b0 = −0.5 s−2, bt = −0.05 s−3.
The initial conditions of Eq. (13) chosen as θ0 =

0.5, θ̇0 = 0. In addition, assume that up to a factor,
of the angular momentum projection on the preces-
sion axis G = 1.4 s−1 and up to a factor, the projec-
tion of the angular momentum on the proper rotation
axis R = 0.5 s−1. Figure 5a shows the time history of
the nutation angle. Note that for t ∈ (0, t∗ = 51.76 s)
the polynomial (20) has two real roots and two com-
plex conjugate roots. There are four real roots for
t ∈ (t∗ = 51.76, 200 s). Figure 5b depicts the time
history of the parameter h and the adiabatic invariant
Ig . The parameter h is calculated using the formula
(32). The adiabatic invariant Ig is calculated from the
formula (46) for t ∈ (0, t∗ = 51.76 s) and from the
formula (45) for t ∈ (t∗ = 51.76, 200 s).

We see that the envelope curves of the nutation angle
θ (Fig. 5a) and parameter h (Fig. 5b) undergo signifi-
cant changes. At the same time, the adiabatic invariant
Ig (Fig. 5b) remains practically unchanged.

In other cases, the system may exhibit chaos and
the so-called diffusion of an adiabatic invariant, see,
e.g., [25,26]. Chaotic behavior can be observed in a
system similar to (32) for periodic perturbations [15]
and systems with two and more degrees of freedom
[27].
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Fig. 5 a The time history of the nutation angle θ ; b the time
history of the parameter h and the adiabatic invariant Ig , t∗ =
51.76 s

6 Plane motion

6.1 Exact solutions

For in-plane motion (G = 0, R = 0), Eq. (14) can be
written as

θ̈ − b sin 2θ = 0. (48)

The substitute

α = 2θ (49)

reduces Eq. (48) to the well-known equation of a math-
ematical pendulum

α̈ + ω2 sin α = 0 (50)

where

ω2 = −2b = 2γ f̄ > 0 (51)

as it follows from (4).

The exact solutions of Eq. (50) are well known.
For oscillations, we have

sin
α

2
= sin

αm

2
sn (ωt, k) = ksn (ωt, k) (52)

where sn (u, k) is elliptic sinus, αm is the amplitude of
oscillations, k is modules

k = sin
αm

2
. (53)

The solution (52) corresponds to the following initial
conditions

t = o : α = αm, α̇ = 0. (54)

And for rotation, the solution of Eq. (50) can be written
as

α = 2am (λt, k) (55)

where am (u, k) is elliptic amplitude function, k is
modules

k = ω

λ
(56)

λ = ȧ0
2

. (57)

Also, the solution (55) corresponds to the following
initial conditions

t = o : α = 0, α̇ = ȧ0. (58)

6.2 Adiabatic invariants

As previously in Sect. 5, we assume that b is the slowly
varying function, which satisfies Eq. (31), for Eq. (50)
we can write the adiabatic invariant in the form

Ig =
αmax∫

αmin

α̇dα (59)

where αmin = −αm, αmax = αm are the amplitude
values of the variable α in the case of oscillations and
αmin = −π, αmax = π in the case of rotation.

The integral (59) can be transformed as

Ig =
αmax∫

αmin

α̇dα = 2

T
4∫

0

(
dα

dt

)2

dt (60)

where T is a period of the oscillation of the bode 2
(Fig. 1).

Using the solution (52) in the case of oscillations of
the body 2, we get

I oscg = 4k2ω2

T
4∫

0

cn (ωt, k)2 dt
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= 4k2ω

K (k)∫

0

cn (u, k)2 du

= 4ω
[
E (k) −

(
1 − k2

)
K (k)

]
.

According to (35), we have

ωD (k) = ω
[
E (k) −

(
1 − k2

)
K (k)

]

= ω0D0 ≈ const (61)

where D(k) = E(k) − (
1 − k2

)
K (k) ≤ 1.

Similarly, in the case of using the solution (55) for
rotation, the integral (60) can be written as

I rotg = 4λ2

T
4∫

0

cn (λt, k)2 dt

= 4λ

K (k)∫

0

dn (u, k)2 du = 4λE (k) .

Taking into account (35), (56) and (57), we get

λE
(ω

λ

)
≈ const.

Now let us find an approximate analytical solution for
the amplitude of the oscillations of the body 2 during
the perturbed motion. The complete elliptic integrals
of the first and the second kind from Eq. (61) can be
presented in the form of power series [23]

K (k)= π

2

[

1 + 2
k2

8
+ 9

(
k2

8

)2

+50

(
k2

8

)3

+ · · ·
]

,

E (k)= π

2

[

1 − 2
k2

8
− 3

(
k2

8

)2

− 10

(
k2

8

)3

−· · ·
]

.

After substituting these formulas in Eq. (61), we get

D = π

4

[
k2 + k4

8
+ 3k6

64
· · ·

]
= ω0D0

ω

or

k2 + k4

8
+ 3k6

64
· · · = F (t) (62)

where F (t) = 4D0ω0
πω

= 4D0
π

√
b0
b(t) .

Inversion of the power series (62) gives the approx-
imate analytical solution for the amplitude of the oscil-
lations of the body 2 during the perturbed motion

Fig. 6 The time history of the nutation angle θ and the amplitude
of the oscillations θm on the plane motion

k = sin θm =
√

F (t) − 1

8
F (t)2 − 1

64
F (t)3 − · · ·.

(63)

Note that this technique was used earlier in [28].
Figure 6 shows good coincidence between the

results of numerical integration of Eq. (48) and ana-
lytical calculations according to formula (63) for the
law of change in the parameter b (t) given above (47).

7 Conclusion

The recent papers of Schaub, Stevenson, Bennett and
Hogan [8–12] have opened a new approach in study of
attitude motion of the defunct satellites under action
of Coulomb forces. In some sense, this novel work
addresses a companion problem of parameterizing the
tumbling motion, not the control.

In this study firstly, the canonical equations were
written which describe the three-dimensional motion
in Euler angles. It has been shown that these motion
equations of the axisymmetric satellite under the action
of the Coulomb torque can be reduced to one second-
order differential equation.

Secondly, for the undisturbed motion, when the dis-
tance between the active spacecraft anddefunct satellite
and/or the charge voltage is constant, the phase por-
traits has been studied. The exact analytical solutions
in terms of Jacobi elliptic functions were obtained.

Thirdly, for the disturbedmotion, for the systemwith
slowly varying parameters, we have found the adiabatic
invariants in terms of complete elliptic integrals, which
are approximately equal to the first integrals of the dis-
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turbed system. The adiabatic invariants remain approx-
imately constant along a trajectory for long time inter-
vals duringwhich the parameters (the distance between
the active spacecraft and the defunct satellite and the
charge voltage) change considerably. We note also that
for the plane perturbed motion the approximate analyt-
ical solution was obtained.

Finally, by means of numerical simulations of a per-
turbedmotion, we have shown that the adiabatic invari-
ants almost do not change with time, and the approxi-
mate analytical solution gives close results with numer-
ical integration of the motion equation.

In general, we believe that the above solutions can
provide good results for a study an opportunity of the
space debris removal by the Coulomb interaction with
the active spacecraft as a pusher tug.

Further research on the subject should examine the
controlled and chaotic attitude motion of the bodies
under the action of the Coulomb torque in more detail.
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