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One of the most promising methods of geosynchronous debris reorbiting is touchless actuation using electrostatic

force. This paper investigates the dynamics and stability of two charged spacecraft formation when both spacecraft

are chargedwith the same sign so that the active spacecraft (space tug) pushes the passive spacecraft (debris object) to

a disposal orbit.A feedback control law is presented that uses thrusters of the space tug to control the distance between

objects and aligns the line connecting the two objects along the orbital velocity vector of the space tug. The control law

proposed requiresmeasurements of the angle between the orbital velocity vector of the tug and the line connecting the

tug and debris as well as the distance rate between the two craft. Stability criteria of the feedback control are

developed in terms of inequalities for the parameters of the control. Numerical simulation shows how the parameters

affect the stability of the system and propellant mass needed for the motion control to move the debris to a

geosynchronous disposal orbit.

Nomenclature

ap = acceleration of the space tug provided by the thrust
force P, m∕s2

cv = feedback control coefficient, 1∕s
cα = feedback control coefficient, m∕s2
cω = feedback control coefficient, m∕s
Di = sum of the perturbation forces acting on the space tug

(i equal to 1) and debris (i equal to 2), N
d = jdj, distance between the space tug and debris, m
d = position vector of the debris relative to the space tug, m
ex = unit vector of the local vertical at the space tug

position, m
ey = unit vector of the local horizontal at the space tug

position, m
Fi = net force acting on the space tug (i equal to 1) and

debris (i equal to 2), N
F1;2 = Coulomb force acting on the debris, N
F2;1 = Coulomb force acting on the space tug, N
ke = Coulomb constant, N ⋅m2 ⋅ C−2

mi = mass of the space tug (i equal to 1) and debris
(i equal to 2), kg

n = mean motion of the space tug, 1∕s
P = tug’s thrust force vector, N
qi = craft charges (i equal to 1 for the space tug and i equal

to 2 for the debris), C
ri = position vector of the space tug (i equal to 1) and

debris (i equal to 2), m
Ux, Uy = projections of the control force, N
ux, uy = projections of the accelerations provided by the

control forces Ux and Uy, m∕s2
α = angle between local horizontal line of the tug and the

line connecting the tug and debris, rad
Φ = product keq1q2, N ⋅m2

I. Introduction

I N THE last years, several methods of active debris removal have
been proposed [1]. The method of active debris removal depends

on the type of debris and its motion. Satellites may have large solar
panels and antennas,making it difficult to docking safely and deorbit.
Orbital stages usually have a simple cylindrical shape, but they may
have significant residual fuel, which also affects the safety of active
debris removal mission. Some of these methods employ using a
tethered space tug for rendezvous, docking, and towing dangerous
objects to a disposal orbit or into the atmosphere for burn up [2–4].
One of the promising techniques is the use of contactless

interaction between objects. For example, an electrostatic field
can be used to push or pull a space debris object to a graveyard
orbit [5]. This method is much safer than the methods that
assume mechanical interaction between debris and space tug.
Electrostatic force actuation for spacecraft formation control also
is a concept that is gaining significant attention in the field of
formation flying [6,7]. Contactless active debris removal
methods using electrostatic force are covered in papers by
Schaub and Moorer [5], Hughes and Schaub [8], and Bennett and
Schaub [9]. In [10], Natarajan and Schaub investigated the
linearized dynamics and stability of a two-craft Coulomb tether
formation in such a way that the relative distance between the
satellites is controlled using the Coulomb force. In [11], they
considered a hybrid control law that combines thrusters and the
Coulomb force. Schaub and Jasper in [12] investigated the
effectiveness of using active electrostatic charging to perform
orbit altitude change using the pulling scheme of the tug–debris
system when the tug and debris have the different charge. The
authors state that the pulling scheme provides larger electrostatic
forces and relative dynamics that are easier to stabilize over a
pushing scheme.
The aim of this paper is to investigate the control of the space tug

and debris for the removal of the space debris by electrostatic forces,
which is capable of providing a stable relative motion of the tug and
the debris. With spacecraft charged with the same sign, a simple
feedback control using the thrusters of the space tug allows pushing
the debris using the Coloumb force. We show that the push scheme is
stable in terms of distance between the space tug and debris, and it is
more effective in comparison with a pull scheme with spacecraft
having opposite charges. The simple feedback control law will align
the line that connects the tug and the debris in the along-track
direction of the tug and maintain constant distance between the
charged bodies. We propose the criteria for choosing the parameters
of the feedback control, based on the stability condition of the tug–
debris relative motion and a reasonable use of resources, such as fuel
and time, to move the debris to disposal orbit.
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Only in-plane relativemotions of the tug and debris are considered.
The tug and the debris are assumed as point masses that have electric
charges of the same sign, and the repulsive electrostatic forces act
between the tug and the debris. Further, the tug has two thrusters: the
main thruster, which provides the acceleration of the whole system
for the disposal of the debris to a disposal orbit, and the control
thruster, which ensures the required position of the tug relative to the
debris. This scenario covers general repositioning of both large and
small geostationary orbit (GEO) satellites as well as moving large
space debris to a disposal orbit that lies to 200–250 km above
GEO orbit.
The paper consists of six sections and conclusions. In Sec. II, push

and pull schemes are considered and compared. In Sec. III, the
motion equations of the system are written in the Earth-centered
inertial frame and in the local-vertical/local-horizontal frame. The
feedback control law is presented, and the energy for control of
the system motion is estimated. In Sec. IV, stability analysis of the
feedback control is conducted. In Sec. V, numerical simulation is
carried out, and in Sec. VI, the effect of disturbances on controlled
motion of the system is considered.

II. Statement of the Problem

A. Push or Pull?

There are two schemes of tugging (Fig. 1). In the first scheme, the
space tug and debris are charged electricallywith different signs. An
attractive Coulomb force exists between the tug and debris in this
case. The debris (C2) is attracted to the space tug (C1) with the
force F1;2. The space tug is attracted to the debris with the force
F2;1 � −F1;2, which is equal in magnitude but opposite in

direction. To transfer the whole system, the space tug should
produce force (Fig. 1a):

P � 1

cos γ

�
1� m1

m2

�
jF1;2j (1)

where m1 and m2 are the masses of the space tug and debris,
respectively. The force vector P should be inclined at γ to the
direction C1C2 to avoid unwanted pressure of the tug’s engine flow
on the debris.
In the second scheme, the space tug and debris are charged the

same (equal sign). The space tug pushes the debris, and the tug’s
thrust should be

P �
�
1�m1

m2

�
jF1;2j (2)

We suppose that the push scheme has the following advantages
over the pull scheme. The push scheme is naturally stable in terms
of distance between the space tug and debris. In case of a change of
the tug’s thrust or the charge of the tug or debris, the new stable
relative distance is established in a natural way. In the pull scheme,
the change in the charges of the bodies or variation of the tug’s
thrust can lead to increasing distance between the space tug and
debris, decreasing the Coulomb force, and so the control force
should be applied to maintain the condition of stationary motion,
which is expressed by Eq. (1). Hence, the pull scheme imposes
heavy demands on the tug’s control system in comparison with the
push scheme. In the push scheme, the tug’s thrust can be applied
along the line between the tug and debris, but in the pull scheme,
the tug’s thrust should be inclined to that line (angle γ in Fig. 1a) to
avoid unwanted pressure of the tug’s engine flow on the debris.
Therefore, the effectiveness of the pull scheme is less than the push
scheme. The potential difference between bodies in the push
scheme is less than in the pull scheme, and so the first one is safer
in case of contact between the bodies (Fig. 2).
For these reasons, we suppose that the space tug and the debris

have the same sign of charge, and the space tug pushes the target.

B. Description of the System

The local-vertical/local-horizontal (LVLH) coordinate frame is
used to describe the relative motion of two spacecraft. The origin of
the LVLH frame is the center of mass of the space tugC1. AxisC1x is
aligned with the local vertical line, and the C1y axis is aligned
with the local horizontal line (Fig. 3). In this paper, we consider the
in-plane motion only.
The space tug and debris are considered as charged point masses.

The space tug has the main thruster, which provides the acceleration
of thewhole system. Themain thrust forceP is aligned with the local
horizontal line in the direction of the orbital velocity of the debris if
we want to transfer the debris to a higher graveyard orbit. The space
tug has also control thrusters. The control thrusters produce force U,
which can be applied in the direction of the local vertical line (Ux) and
local horizontal line (Uy) to change the position of the tug relative to
space debris. In the next section, the mathematical model of the
considered system is developed.Fig. 1 Pull and push schemes.

Fig. 2 Difference between the charges for push and pull scheme.
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III. Motion Equations and Feedback Control

A. Motion of the System Relative to the Inertial Frame

At first, let us consider themotion of the space tug and debris in the
Earth-centered inertial (ECI) frame OXYZ. The origin of theOXYZ
frame is in the center of the Earth. TheOxy plane coincides with the
Earth’s equatorial plane, theOx axis is aligned with the equinox, and
the Oz axis extends through the North Pole.
The positions of the space tug and space debris are described by the

column vectors r1 � �x1; y1�T and r2 � �x2; y2�T , respectively. The
motion equations of the space tug and debris relative to OXYZ
frame are

mi

d2ri
dt2

� −μ
ri
r3i

� Fi; i � 1; 2 (3)

where mi (i � 1; 2) are masses of the tug (i � 1) and debris (i � 2)
objects, and Fi (i � 1; 2) are the net forces acting on the space tug
(i � 1) and debris (i � 2):

F1 � Uxex � �P�Uy�ey � F2;1 �D1 (4)

F2 � F1;2 �D2 (5)

P � const is the constant thrust force of the space tug. It is supposed
that the thrust P is aligned with the local horizontal axis of the space
tug, and the control thrusters of the space tug can produce thrust along
the local horizontal and local vertical axes:

U � exUx � eyUy (6)

F2;1 � −F1;2 is the Coulomb forces acting between the objects:

F1;2 � ke
q1q2
d2

d

d
� Φ

d3
d (7)

where

Φ � keq1q2 (8)

ke is Coulomb’s constant;q1 andq2 are themagnitudes of the charges
of the tug and debris; and d is the distance vector between the objects:

d � r2 − r1 (9)

Di is the net vector of other disturbance forces acting on the space tug
(i � 1) and debris (i � 2), which include gravity perturbations of
the sun and the moon, solar pressure, and perturbations due to a
nonspherical Earth gravity.

The feedback control law of the space tug motion can be figured

out using Eq. (3); however, because during the active debris removal,

it is necessary to maintain a predetermined relative motion of two

bodies, maintaining a balance between the force P and the Coulomb

interaction force, there is a good reason to use the equations of the

relative motion. This will be the subject of the next subsection.

Equation (3) will be used to validate the obtained feedback

control law.

B. Motion of the System in Euler–Hill Frame

Let us consider the motion of the debris relative to the local-

vertical/local-horizontal or Euler–Hill frame C1xy [13] (Fig. 3). The
rectilinear LVLH frame is attached to the space tug. The position of

the debris relative to the space tug is described by the column vector

d �
�
x
y

�
(10)

The LVLH frame is a noninertial frame, and so the equations of

the debris relative to the space tug contain the terms associated with the

motion of the LVLH frame relative to the Earth. The equation has the

form [14]

(
�x − 2n _y − 3n2x � ax

�y� 2n _x � ay
(11)

where n is the orbital rate of the space tug, which is changed under the
action of the tug’s thrust. The change of the orbital rate _n can be

approximated as

_n � P

m1 �m2

1

r
(12)

where r is the distance from the Earth center to the center of mass of

the system. The rate of change of n is close to zero due to small value

of the thrust force P, and so the value of _n is neglected [14]. For

example, electric thrusters have thrust output in the micro- to

millinewton range. For P � 20 mN and m1 �m2 � 5000 kg,

_n � 20 mN

5000 kg
⋅

1

35;786 km
≈ 10−13 s−2 (13)

This value is several orders of magnitude smaller than the

magnitude of n2 ≈ 5 ⋅ 10−9 1∕s2 presented in Eq. (11).
The right side of Eq. (11) includes projections of the acceleration

produced by the main thruster and control thrusters of the tug and by

the electrostatic force:

a �
�
ax
ay

�
� F1;2

�
m1 �m2

m1m2

�
− �aP � ux � uy� (14)

where aP is the acceleration of the space tug provided by the main

engine thrust P:

ap � P

m1

�
0

1

�
�

�
0

ap

�
(15)

ux and uy are the accelerations created by the control engines thrust

Ux and Uy:

ux � Ux∕m1; uy � Uy∕m1 (16)

Let us rewrite Eq. (11) using polar coordinates α and d that are

more suitable to use during the analysis of relative motion. After

substituting

x � d sin α; y � d cos α (17)

Fig. 3 Tug–debris system.
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and its derivatives into Eq. (11), we get

8<
:

�α� 2 n−_α
d

_d� 3
2
n2 sin 2α� 1

d ��ap � uy� sinα− ux cosα�
�d � Φ

m�d2
� d�3n2sin2α− 2n_α� _α2�− �uy � ap� cosα− ux sinα

(18)

where m� � m1m2∕�m1 �m2� is the reduced mass of the system.

C. Feedback Control Law

To effectively change the semimajor axis of the system, it is
necessary to apply the force F1;2 on the space debris in the along-
track direction. This means that the angle α should remain close to
zero (Fig. 3). In addition, it is necessary to maintain a constant
distance between the tug and debris.
For a small angle α and constant distance d > 0, the first equation

of system (18) has the form

�α −
�
3n2 � ap � uy

d

�
α � −

ux
d

(19)

Equation (19) is a linear differential equation for the angle α. The
type of the solution of this equation (stable or unstable) depends on
the coefficients before the termwith the angle α. For the uncontrolled
motion, we get

�α −
�
3n2 � ap

d

�
α � 0 (20)

The termap is positive because themain thrustmust be parallel and
along the orbit direction (Fig. 3); therefore, 3n2 � ap∕d > 0, which
means that the push scheme is unstable in terms of the angle α.
Taking into account the structure of the linear equations of motion

[Eq. (19)], we choose the control law in the following form for ux:

ux � cα sin α� cω _α (21)

and for uy:

uy � cv _d (22)

Expression (22) does not containd because of themotion alongCy
axis is already stable, and so we should damp oscillation of d only.
To use control laws (21) and (22) onboard the space tug, it is

necessary to measure α, _α, and _d. The angle α and its rate of change _α
can be measured using a horizon sensor to sense the direction to
Earth’s center and computer vision-based analysis for localization of
the center of mass of the space debris [15]. Laser sensors can be used
to measure the distance d and its rate of change _d.
For the constant distance d > 0, Eq. (19) has the form

�αd − �3n2d� ap − cα�α� cω _α � 0 (23)

Equation (23) has the form of a damped harmonic oscillator, or in
the other words, the solution of this equation is stable if

cα > 3n2d� ap and cω > 0 (24)

In Sec. IV, system (18)will be rewritten in light of proposed control
laws (21) and (22).

D. Propellant Mass for Control

Controlling the relative motion of the space tug and debris should
be carried out with a minimum consumption of energy. The energy
for control of the relative motion depends on the parameters cα, cω,
and cv, which determine the value of the control forces acting on the

tug estimated by the value of the impulses Ix and Iy of the control
forces Ux and Uy:

Ix �
Z

tk

0

jUxj dt; Iy �
Z

tk

0

jUyj dt (25)

where tk is the amount of time necessary to complete the transfer of
the debris object from the specified initial orbit with height h0:

h�0� � h0 (26)

to a terminal (graveyard) orbit:

h�tk� � hk � h0 � Δh (27)

The transfer time tk can be estimated as [16]

tk ≈ vex
m1 �m2

P
�1 − e−Δv∕vex � (28)

where vex is the propellant exhaust velocity in the space tug frame of
reference, and Δv is the difference between initial and final orbital
velocities:

Δv � v0 − vk �
�����
μ

r0

r
−

������������������
μ

r0 � Δh

r
(29)

where r0 � Re � h0, and Re is the radius of the Earth.
Propellant mass needed for the motion control during the transfer

of the debris can be estimated as

MU �
Z

tk

0

_mp dt (30)

where _mp is the propellant mass flow rate. If we suppose that vex is
constant, then the flow rate can be expressed as function of thruster
force [17], and the total flow rate for two control thrusters can be
estimated as

_mp � jUxj
vex

� jUyj
vex

(31)

and so the propellant massMp can be calculated as follows:

MU � 1

vex

Z
tk

0

�jUxj � jUyj� dt �
Ix � Iy
vex

(32)

This formula can be used to evaluate the propellant mass needed
for the motion control.

IV. Stability Analysis

A. Linearized Equations

Let us rewrite Eq. (18) using new dimensionless distance
variable δ:

δ � d − d0
d0

(33)

so that the distance d can be expressed as

d � d0�1� δ� (34)

where d0 is a stationary solution, which can be obtained using
Eq. (18) for ux � uy � 0, α � _α � �α � 0, and d � d0, _d � �d � 0.
We get

0 � −aP � Φ
m�d20

(35)

ASLANOVANDYUDINTSEV 1479

D
ow

nl
oa

de
d 

by
 Y

ur
i U

ly
by

sh
ev

 o
n 

Ju
ne

 1
8,

 2
01

8 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.G

00
32

51
 



or

d0 �
������������
Φ

m�ap

s
(36)

Now, we can rewrite Eq. (18) as a system of first-order nonlinear
differential equations:8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

_α�ω

_δ�ν

_ω� 1

1�δ

�
Psinα

d0m1

−
cαsinα�ωcω

d0
cosα�νcvsinα�2ν�n−ω�

�

�3

2
n2sin2α

_ν� Φ
d30m��δ�1�2−

Pcosα

m1d0
−νcvcosα

��δ�1��ω2�3n2sin2α−2nω�−sinα

d0
�ωcω�cαsinα�

�37�

Let us linearize these equations at the point

α � 0; ω � _α � 0; δ � 0; _δ � ν � 0 (38)

It is supposed that values of α, ω, δ, and ν are small. In this case,
we get a system of linear differential equations:

8>>>>>>>>><
>>>>>>>>>:

_α � ω

_δ � ν

_ω �
�
1

d0

�
P

m1

− cα

�
� 3n2

�
α −

cω
d0

ω� 2nν

_ν � −cvν −
2P

d0m1

δ − 2nω

(39)

These equations can be rewritten using matrix form:

2
666664

_α

_δ

_ω

_ν

3
777775 �

2
666664

0 0 1 0

0 0 0 1

a31 0 a33 a34

0 a42 a43 a44

3
777775

2
666664

α

δ

ω

ν

3
777775 (40)

where

a31 �
1

d0

�
P

m1

− cα

�
� 3n2; a33 � −

cω
d0

; a34 � 2n;

a42 � −
2P

m1

1

d0
; a43 � −2n; a44 � −cv

We have obtained the system of linear equations of the motion of
the space debris object relative to the space tug. These equations
allow us to choose the values of the feedback control law
coefficients cα, cω, and cv, which would ensure a stable relative
motion. The next subsection is devoted to the analysis of the
stability of the solution of system (40).

B. Routh–Hurwitz Criterion

Let us investigate stability of the system using the Routh–Hurwitz
criterion [18]. The characteristic equation of system (40) is

b0λ
4 � b1λ

3 � b2λ
2 � b3λ� b4 � 0 (41)

where

b0 � 1 (42)

b1 � cv �
cω
d0

(43)

b2 �
m1�cvcω � cα � d0n

2� � P

d0m1

(44)

b3 �
−d0cvP� � 2Pcω

d20m1

(45)

b4 � −
2PP�

d20m
2
1

(46)

where

P� � m1�3d0n2 − cα� � P (47)

For stable solution of the systems, the following conditions must

be satisfied [18]:

b0 > 0; b1 > 0 (48)

b1b2 − b0b3 > 0 (49)

b1b2b3 − b21b4 − b0b
2
3 > 0 (50)

b4 > 0 (51)

Conditions (48–50) can be expanded as

d0cv � cω > 0 (52)

cω

�
�−cα − d0n

2� � P

m1

�

< cv

�
�cω�d0cv � cω� � 4d20n

2� � 2
P

m1

d0

�
(53)

�d0cv � cω��P� �m1�cvcω − 2d0n
2 � 2cα���−d0cvP� � 2Pcω�

− 2PP��d0cv � cω�2 � �−d0cvP� � 2Pcω�2 > 0 (54)

and from Eq. (51), we get the following condition for P�:

P� < 0 (55)

We can obtain simpler conditions if naturally stable along-track

relative motion _δ is not damped. If cv � 0, we get

cω > 0

cω�m1�cα � d0n
2� − P� > 0

c2ω > 0

m1�3n2d0 − cα� � P < 0 (56)

which are equivalent to

cω > 0; cα >
P

m1

� 3n2d0 (57)

Thus, if wewant to stabilize the motion of the system for the angle

α, the coefficient of the control law should meet conditions (57).
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V. Numerical Simulation

In this section, using numerical simulation, we show how the

parameters of the proposed feedback control affect the stability of

the system andpropellantmass needed for themotion control tomove

the debris to a geosynchronous disposal orbit.
Let us consider the motion of the system with the parameters

presented in Table 1. The value of Φ is calculated for the following

parameters of the debris and space tug. It is supposed that the space

tug and debris have equal electric capacitances C1 � C2 � 440 pF
(capacitance of a sphere with a 4 m radius) and potentials U1 �
U2 � 30 kV [19], and so the constant Φ is

Φ � keq1q1 �
1

4πϵ0
�C1U1��C2U2� ≈ 1.57 N ⋅m2 (58)

where ke � 8.988 ⋅ 109 N ⋅m2 ⋅ C−2. The distance d0 is Eq. (36):

d0 �
������������
Φ

m�ap

s
�

��������������������������������������������������
1.57 N ⋅m2

231 kg ⋅ 6.7 ⋅ 10−5 m∕s2

s
≈ 10 m

At time t � 0, the space tug is in a geostationary orbit with a height
of h0 � 35;786 km. The orbital velocity for this height is

Vo �
�����������������

μ

Re � h0

r
≈ 3.075 km∕s (59)

and the orbital rate

n0 �
�����������������������

μ

�Re � h0�3
r

≈ 7.29 ⋅ 10−5 rad∕s (60)

We assume that the space tug is equipped with an electric thruster.

The time needed to change orbital height by Δh � 200 km for

P� 20 mN, m1�m2 � 1300 kg, r0 � Re � 35;786 ≈ 42;157 km,

and V0 � 3.075 km∕s can be calculated using Eq. (28). We get

tk ≈ 5.5 days. The propellant exhaust velocity in the spacecraft frame

of reference is vex � 20 km∕s.
Three cases are considered that differ in the value of the

coefficients cα, cω, and cv of the control law. The values of the

coefficients are given in Table 2.
The differential Eqs. (37) are integrated with the following initial

conditions:

α�0� � α0 � 1 rad; _α�0� � _α0 � 0

δ�0� � δ0 � 0.2�d � 12 m�; _δ�0� � _δ0 � 0

A. Simulation Results for Case 1

Figure 4 shows graphs of the angle α and dimensionless distance δ
for three cases. In the first and second cases (Figs. 4a and 4b), the

criteria for the stability of the solution are satisfied, and all roots of the

characteristic Eq. (41) are complex:

λ1;2 ≈ −�3	 28i� ⋅ 10−4; λ3;4 ≈ −�0.4	 17i� ⋅ 10−4 (61)

It is apparent from Figs. 4a and 4b that the amplitude of the

oscillations of the angle α and the dimensionless distance δ decrease
over the time.
Figures 5a and 5b present the phase portraits of the system for

case 1. Figure 5a shows the trajectory in the coordinates α, _α, and
Fig. 5b shows the trajectory in the coordinates δ, _δ for case 1. All

trajectories in phase spaces tend to the desired stationary position

α � 0, δ � 0
Let us estimate propellant mass needed for the control using

Eq. (32). Figures 6c and 6d show the time history of the projections of

the control forcesUx andUy, respectively, for case 1. The propellant

consumption for the feedback control for the case 1 is

Mcase 1
U ≈

8 N ⋅ s� 87 N ⋅ s
20000 m∕s

< 0.005 kg (62)

Total impulses Ix and Iy are far less than the total impulse of themain

thruster of the space tug Ip. Indeed, the time needed to change orbital

height by Δh� 200 km for P � 20 mN, m1�m2 � 1300 kg,
r0 � Re � 35;786 ≈ 42; 157 km, and V0 � 3.075 km∕s is tk ≈ 5.5
days, and so the total impulse of the main thruster is

IP � Ptk ≈ 9.4 kN ⋅ s (63)

The propellant mass needed to transfer is

MP ≈
IP
uex

� 9.4 kN ⋅ s
20000 m∕s

< 0.5 kg (64)

B. Simulation Results for Case 2

Also, for the second case, all roots of the characteristic Eq. (41) are

complex:

λ1;2 ≈ −�5	 28i� ⋅ 10−4; λ3;4 ≈ −�2	 88i� ⋅ 10−4 (65)

and Figs. 4c and 4d show that the amplitude of the oscillations of the

angle α and the dimensionless distance δ decrease over time.
Figures 5c and 5d present the phase portraits of the system for

case 2. Figure 5c shows the trajectory in the coordinates α, _α, and
Fig. 5d shows the trajectory in the coordinates δ, _δ for case 2. As
in case 1, all trajectories in phase spaces tend to the desired

stationary position α � 0, δ � 0. The values of the coefficients

cα, cω, and cv lead to a faster decrease rate of the deviations of

variables α and δ.
Figures 6c and 6d show the time history of the projections of

the control forces Ux and Uy, respectively, for the case 2. The

propellant consumption for the proposed feedback control for

case 2 is

Mcase 2
U ≈

6 N ⋅ s� 429 N ⋅ s
20000 m∕s

< 0.022 kg (66)

C. Simulation Results for Case 3

In the third case, the motion of the system is unstable. The

deviation of the alpha angle and the distance δ from the desired value

rapidly increases. Only two roots of the characteristic Eq. (41) are

complex:

λ1≈20 ⋅10−4; λ2≈−20 ⋅10−4; λ3;4≈−�0.05	28i� ⋅10−4 (67)

Table 1 Parameters of the system

Parameter Value Parameter Value

m1, kg 300 m2, kg 1000
Φ, N ⋅m2 1.57 P, mN 20
C1, Pf 440 C2, pF 440
ΔU1, kV 30 ΔU2, kV 30
Δh, km 200 tk, days 5.5

Table 2 Numerical simulation cases

Case cα cω cv h0, km V0, km∕s
1 1 ⋅ 10−4 1 ⋅ 10−3 5 ⋅ 10−4 35,786 3.075
2 1 ⋅ 10−3 5 ⋅ 10−3 1 ⋅ 10−3 35,786 3.075
3 2 ⋅ 10−5 5 ⋅ 10−4 1 ⋅ 10−5 35,786 3.075
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Higher values of the control factors result in a larger value of the
control forces. This is illustrated by the graphs shown in Fig. 6.
Figures 6a and 6b show the time history of the projections of the
control forces Ux and Uy, respectively, for case 1.

Table 3 summarizes the simulation results for the all simulations
cases. The coefficients of the control laws are shown the first three rows
of the table. The roots of the auxiliary Eq. (41) (λi, i � 1; 2; 3; 4) are
reported in rows 4 to 7. Note that, for simulation case 3, two of the four

Fig. 4 Time history of the angle α and nondimensional distance δ for cases 1, 2, and 3.

Fig. 5 Phase portraits of the system for the cases 1 and 2.
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roots of the auxiliary equation are real, and so the solution of Eq. (41) is
unstable. Rows 8 and 9 contain the maximum absolute value of the
control forces. The last two rows of the table show impulse of the
control forces Ux and Uy over the orbital period interval.

VI. Effect of Disturbances on the Controlled Motion

The control law is developed on the basis of a linearized system.
Let us verify that the proposed feedback control can be used for
nonlinear system (3). Also, we suppose that the disturbance forces act
on the debris and space tug due to solar radiation pressure. The
disturbance terms in Eq. (3) are written as

Di � −esol
ps

Ai

; i � 1; 2 (68)

where esol is the direction unit vector to the sun. Vector esol can be
calculated for the arbitrary time in the ECI frame or in the LVLH

frame [16]. ps is the solar pressure near the Earth. The value of ps is

taken as 5 ⋅ 10−6 Pa [16]. Ai is the effective area of the space tug

(i � 1) and debris (i � 2), which depends on the shape and

orientation of the object relative to the vector esol. For the sake of

simplicity, we use A1 � A2 ≈ πm2.
Equation (3) is derived in the Earth-centered inertial coordinate

system; the angle α and its derivative _α, on which the control forces

Ux and Uy depend, are defined as follows:

α � π∕2 − arc cos�er ⋅ d� (69)

where er is the unit vector of the local-vertical line of the space tug:

er1 �
r1
jr1j

� r1
r1

(70)

Differentiating Eq. (69), we obtain

_α � r1r1 ⋅ _d� �r1 _r1 − r1 _r1� ⋅ d
r21

������������������������������������
1 − ��r1∕r1� ⋅ d�2

p (71)

Figure 7 presents the time history of the angle α and dimensionless

distance δ obtained by integrating Eq. (3) for case 2. The figure shows
that the proposed feedback control is sufficient to ensure a stable

motion of the system even under the action of the disturbance force

[Eq. (68)]. The deviations of the angle α and dimensionless distance δ
from the desired values α � 0 and δ � 0 are decreasing with time.
Figure 8a shows the difference between the solutions of Eqs. (3)

and (18) for case 2. The difference between two solutions for the

angle α does not exceed 3 deg. Figure 8b shows that the difference

between the solutions for the dimensionless distance δ does not

exceed 120 mm, and it is less than 1.2% of d0. These results testify

Fig. 6 Time history of the control forces for the cases 1 and 2.

Table 3 Simulation results

Parameter

Cases

1 2 3

cα, N ⋅ �rad ⋅ kg�−1 1 ⋅ 10−4 1 ⋅ 10−3 2 ⋅ 10−5
cω, N ⋅ s ⋅ �rad ⋅ kg�−1 1 ⋅ 10−3 5 ⋅ 10−3 5 ⋅ 10−4
cδ, N ⋅ s ⋅ �m ⋅ kg�−1 5 ⋅ 10−4 1 ⋅ 10−4 1 ⋅ 10−4
λ1 ⋅ 104 −2.5� 28i −5� 28i −20
λ2 ⋅ 104 −2.5 − 28i −5 − 28i 20
λ3 ⋅ 104 −0.4� 17i −2� 88i −0.05� 28i
λ4 ⋅ 104 −0.4 − 17i −2 − 88i −0.05 − 28i
jUxjmax, mN 1.3 4.7 — —

jUyjmax, mN 14 144 — —

Ix, N ⋅ s 8 6 — —

Iy, N ⋅ s 87 429 — —

Fig. 7 Time history of the angle α and the dimensionless distance δ for case 2.
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that the equations of the relative motion [Eq. (18)] are accurate
enough to describe the considered tug–debris system.

VII. Conclusions

A feedback control law is proposed that stabilizes the relative
motion of the space tug and space debris during active debris removal
using the Coulomb force for the push scheme. It is shown that the
push scheme is preferable to the pull scheme due to its natural
stability for the distance between the bodies and effectiveness in
comparison with a pull scheme with spacecraft having opposite
charges (Fig. 1). Stability criteria are formulated for the feedback
control, which allows choosing the parameters of the control. These
parameters should be selected from the stable set, taking into account
fuel costs MU �MP < Mmax, requirements for the transfer time
tk < tmax

k , and performance of the propulsion system of the space tug

jUxj⇐Umax
x , jUyj⇐Umax

y . The simulation results illustrate that the

control parameters from the stable set stabilize relative motion of the
tug. The results show that, in case 2, the feedback control stabilizes
the relative motion faster than in case 1, but for case 2, the propulsion
system of the space tug should provide greater propulsive forces Ux

and Uy and require more propellant for the feedback control.
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