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1. Introduction

The problem of transporting passive space objects by an external active
spacecraft is of great practical importance. The time of active functioning of the
satellite can significantly exceed the time frame of the initial space mission. The
limited fuel supply and the inability to continue to perform the necessary
maneuvers become the reason for the decision to stop the operation of the satellite.
Examples of such long-lived satellites are: Landsat 5, GOES 3, ATS-3,
GLONASS-716, GONETS-D1. The use of an external active service spacecraft
would further increase the life time of the satellite by transferring transport tasks to
the spacecraft. An external transport system can be used in case of emergency
situations when a new spacecraft is put into unplanned orbit. Over the past years,
several spacecraft have been lost due to malfunctioning of the launch system and
software errors: Express AM4, Phobos-Grunt, Geo-IR-2, Arabsat 4A, Sich-1M,
Americom 14 [1]. An external active spacecraft could be used to transfer these
spacecraft to target orbits. Another area of practical use of active spacecraft-
carriers is removal of large space debris, which includes non-functional satellites,
for example Intelsat 29e, Envisat, and upper stages of rockets, for example Zenith-
2 or Cosmos 3M [2]. Thus, the creation of spacecraft-transporters capable of
moving passive space objects is very useful for solving the challenges of modern
astronautics.

An active spacecraft can transport a passive object in one of three ways. In
the first way the active spacecraft can rigidly capture or dock with the passive
object, after which they will move as a single rigid body [3, 4]. Active spacecraft’s
engines are used for the required maneuver. This method allows the use of both
impulse flights, implying short-term use of high-thrust engines, and flights with
constant thrust. This method is the simplest from the point of view of controlling
the system during transportation. Its main disadvantage is the need to capture the
passive object, which is a complex and dangerous operation. This method is well
suited for transporting space objects in low and medium Earth orbits. Satellites

located in geostationary orbits are equipped with large-area solar panels, which
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make it harder to approach these satellites. Another complication is the possible
rotation of a passive object, which makes it difficult or impossible to dock with it.
The second way involves towing the passive object on a flexible tether [5, 6]. The
capture operation is still necessary, but its danger is much less compared to the first
method, since the probability of collision of the spacecraft and the object during
the docking is small. Tethered towing does not allow for pulsed maneuvers, since it
can lead to break the tether and collision of the spacecraft and the object as a result
of the tethered object rebound. Successful towing requires more complex laws for
controlling the engines of the active spacecraft, which are take into account
possible oscillations of the tether and the attached object. In addition, the jet stream
of the active spacecraft’s engines can burn out the tether during towing, so the
engines should be slightly deviated from the tether, which reduces useful thrust.
The third way does not require mechanical capture of the passive object and
involves contactless action on the passive object. The active spacecraft can act on
the passive object through electromagnetic fields [7, 8], gravity field [9], using
lasers [10] or blowing an object with a stream of particles [11, 12]. The main
difficulty with contactless transportation is to take into account the influence of the
passive object’s orientation on the magnitude of the force impact that is transmitted
to the object by the contactless method. In this paper, contactless transportation of
the passive object by an ion beam is considered.

The idea of using an ion beam created by the electrodynamic engine of an
active spacecraft to transport a passive object was originally expressed
independently and published by C. Bombardelli and J. Pelaez [11, 13] and
S.Kitamura [14, 15]. In the framework of the proposed concept, which according
to [13] is called lon Beam Shepherd, it is assumed that the active spacecraft is
equipped with two oppositely directed engines. One of them creates a plasma beam
directed towards the passive object, and the second compensates the thrust of the
first engine. Plasma ions hit the surface of a passive object and transmit their
momentum to it. Thus, a contactless transmission of force is achieved. The concept

of lon Beam Shepherd was developed in the framework of the FP7 grant by an
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international LEOSWEEP team. The results of their work can be found in the
monograph [16]. The main emphasis in these researches was made on studying the
motion of the center of mass of a passive object under the action of an ion beam
[11, 17], controlling motion [18, 19], calculating the force action of an ion beam on
bodies [12, 20], and the characteristics of plasma propagation in the beam [21-23].
The paper [24] proposed preliminary design methodology based on the matching
chart approach, which allows selecting active spacecraft design parameters taking
into account different design and operational constraints. Within the framework of
the proposed methodology, lon Beam Shepherd mission design stems from two
key parameters: distance between the spacecraft and the object, and the ion engine
thrust. These works do not take into account the influence of the angular object’s
oscillations on the motion of its center of mass. The monograph [16] contains a
mathematical model that describes the passive object’s attitude motion using the
parameters of Rodriguez-Hamilton (Section 2.4). The papers [12, 25] are devoted
to the analysis of the influence of the motion of a passive object relative to the
center of mass on the motion of the center of mass in the planar case. The laws of
control of the ion beam, which allow stopping rotation and stabilizing the
oscillations of the passive object, were proposed in [26]. Since the orientation of
the passive object with respect to the ion beam has a great influence on the
magnitude of the transmitted force, the study of possible modes of attitude motion
is of practical interest for the task of ion beam object transportation.

Since the force generated by the ion beam is small, it can be assumed that
the center of mass of the passive object moves along the Kepler orbit with slowly
changing parameters. It is known that when a rigid body moves in an elliptical
orbit, its motion relative to the center of mass can be chaotic [27, 28]. The presence
of areas of chaotic motion greatly complicates the prediction of system motion.
The presence of a gravity gradient torque leads to the fact that the phase portrait of
the unperturbed system corresponding to the motion in a circular orbit contains a
saddle-type point. Periodic perturbation caused by the motion of the center of mass

of the system in an elliptical orbit leads to the appearance of a chaotic layer in the
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vicinity of separatrices connecting the saddle points. In the presence of an ion
beam blowing the object, a torque arises, depending on the orientation of the object
with respect to the ion beam. The location and type of singular points in the phase
portrait of the unperturbed system will be determined by the ratio of the
gravitational and ionic torques. As the height of the center of mass changes, this
ratio will change, and phase portraits will change accordingly.

The aims of this work are to study the dynamics of a space object attitude
motion during its contactless transportation by an ion beam and the influence of
this motion on the magnitude of the force transmitted by the ion beam. The motion
of a cylindrical object, which center of mass is located on the object’s symmetry
axis, is investigated. Many space objects have such form, for example, the upper
stages of rockets, satellites Parus (USSR) and Telestar 301 (USA).

The paper is consists of six parts. Mathematical model of the passive space
object motion is obtained in Section 2. Section 3 is devoted to the analysis of the
phase portrait of an unperturbed system and includes bifurcation diagrams
constructed for objects of different mass-geometric layout. The results numerical
analysis of object’s attitude motion influence on the ion beam force are presented
in Section 4. Chaotic motion of the object on elliptical orbit is considered in
Section 5. Discussion of the results and conclusions are given in Section 6.

The authors declare that they have no conflict of interest. The contribution of
the authors to this study can be described as follows. Sections 1-4 were written by
V. Aslanov and A. Ledkov; Sections 5 and 6 were written by all three authors

jointly.

2. Mathematical models and methods

2.1 Equations of motion

The state of a mechanical system consisting of a passive space object and an active
spacecraft can be described by five generalized coordinates (Fig. 1): the position
vector module r, the true anomaly angle v, the deflection angle of the space

object axis from the position vector @, the coordinates of the active spacecraft in
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Local-vertical/local-horizontal reference frame (LVLH) x and y. The origin of
this frame is at the center of the mass of the object (point B on Fig. 1). The axis
Bx, is directed along the position vector. The axis By, is perpendicular to Bx_,
and it is directed towards the object orbital motion. The active spacecraft is
equipped with an ion engine that creates an ion beam and with a propulsion system
that compensates the operation of the ion engine and allowing control the
spacecraft motion. The resulting thrust of the active spacecraft engines is shown in

Fig. 1 by the vector P. The effect of the ion beam on object can be represented in
the form of two mutually perpendicular forces F, and F,, which are directed
along the axes of the LVLH coordinate system Bx y_, and the torque L, relative to

the center of mass B, which vector is perpendicular to the plane of the Fig. 1.

y/) ‘k
Active spacecraft

Fig. 1. Considered mechanical system.

The equations of motion can be obtained in the form of Lagrange equations of the
second kind. The kinetic energy of a system is defined as

2 2 2
T:mf;/umg/u'z;” , (1)




where m, is the mass of the active spacecraft, m, is the mass of the object, V. is
the velocity of i-th point (i=A,B), |, is the principle moment of inertia of the object

relative Bz, axis, which is directed perpendicular to the plane of the Fig. 1,

w=v+0 is the angular velocity of the object. The velocity of point B can be
determined through generalized coordinates as follows

VZi=ri* + 7. (2)
To calculate the velocity of the active spacecraft, the projections of point A on the

axis of the inertial coordinate system Ox y  must first be found

X, =(r +x)cosv —ysinv,

. (3)
Y, =(r+x)sinv+ycosv.
Finding the derivatives (2.4) and performing simplifications, gives
V, = J(r+X)202 + Y07 + 2((r + X) Y — Y(F + X))V + (F + X)* + 2, (4)

Substituting expressions (2) and (4) into equation (1) we obtain the Kinetic energy

- m((r+ X)WV +y W+ 2((r+ X))y — y(F+ X))V + (F+X)° + ¥° + yv?)
2

T

m (rv? +1%) | (v +6)? ©)
+—E + L .

2 2
The potential energy of the system can be written in the form (expression (26) on

page 238 in [29])

U=-—

pm, umg u(l 1 +1) +?>y(|xc05267+ ,sin”0)

r, r 2r? 2r®

(6)

where u is the gravitational constant of the Earth, r, =/x,> +y,” is the distance
between the active spacecraft and the center of the Earth, 1., |, are the principle

moments of inertia
Lagrange equations of the second kind have the form

doT oT  au
9 9 N 7
dtoq oq  og o (7)

where g, is the component of the generalized coordinates vector q=[r,v,, X, Y],



Q. is the generalized forces
Q=F+P,
Q =Fr-Py+P(r+x)+L, (8)
Q =L, Q=P, Q =P,

Substitution of expressions (6) and (8) into equations (7) and simplifications give

u F +3y(3lxc0529+3lysin2¢9— L —1,+1,)

F=vir—=+ , 9
r’ m 2m,r* ©)
o F 3u(l. —1)sin@dcosd
‘_/.:_21/"_*_ y ,U( X y) : ’ (10)
r mgr mgr
. r F 3u(l. —1)sin@dcosd
Lo 2 B 3w, y)3 12+l (11)
I r mgr r mre 1,
G e . P ou(r+x)
X=vVy—F+v(r+x)+2vy+—2—-——-, (12)
mA I'-A
o a . .~ Py
Yy=vy—v(r+x)=2v(f +X)+——-—-. (13)
m r

A Ta
The resulting system of equations (9)-(13) describes the plane motion of a
mechanical system consisting of an active spacecraft and a passive space object in
the Earth's gravitational field in the presence of an ion beam acting on the object.

If it is assumed that the control system of the active spacecraft provides its

constant relative position (x=const,y=const), and 1/r <<1 then the object’s

equations of motion after discarding small terms take the form

. C F
r:F_% m,’ (14)
B
. Ik
c=—2=, (15)
m

* 3u(l —1)sin@dcosd
2o, ,y)g , (16)
r o

3

where C=vr? is the angular momentum relative to center of the Earth per unit

mass.



Since the magnitude of the force imparted by the ion beam is small (it is of
the order of 10 mN), it can be assumed that the object’s center of mass moves on

the Kepler orbit. In this case

P 17)
1+ecosv

where p=c’u™ is focal parameter of the orbit, e is the eccentricity. These values
change slowly. Let us fix the values of focal parameter and eccentricity, and
choose the new independent variable

T=Qv, (18)
3|1, -1

T /| . Time derivatives of some arbitrary function f(t) and

z

where Q=

derivatives with respect to the new variable are related by the following equations

f=f7=fQv= f’Qiz(1+ ecosv)’ = f'Q /%(H ecos(rQ™))’,
p Y

f':i(f’(1+ecosv)2):(2 %(df (1+ecosv)2—2(1+ecosv)e1)f'sinvj:
dt p’\ dt

:Q\/%Lf”sl\/%(h ECOSV)4—26\/%f’(1+6008v)35invj=

2ef 'sin(rQl)j

e% f( f"(L+ecos(zr Q™)) - (L+ecos(r Q1))’,

where the prime symbol denotes a derivative with respect to z. The object’s
angular motion equation (16) can be rewritten as

o — P°L, , 26(Q0' +Dsin(zQ?) | sign(l, —1,)sin20
(1 (L+ecos(z Q™M) Q°(L+ecos(zQ™)  (L+ecos(z Q)

(19)

For the case of small eccentricity e <<1 equation (19) can be linearized:

3

o= =P isign(1, ~1,)sin20+ = (2(Q6" +1)sin(z )
QL p ' Q
(20)

_4Lkp COIS(TQ_ ) —sign(l, —1,)Qsin 20005(1(2‘1)}
7

z

The ion beam torque L, can be approximately represented as a Fourier series



k
L =L (3.04‘2(3.] cos j& +b,sin j@)j, (21)
j=1

where L™ is maximum absolute value of the ion beam torque, a , b. are
z 2 ]? ]

dimensionless Fourier coefficients, which are calculated by the formulas

2r 1
L (6)d@, a =
27[LT“£ (0) Yoglm™

z

[L.(0)cos jodo , b, =—
0 T

max
z

8, = [ L,(@)sin jodo.

The process of calculating the function L, (&) is described in Section 2.2. Equation

(20) can be rewritten in the following form, taking into account (21)

9"—7/(a0 +Zk:(aj cos j& +b,sin je)j—sign(lx —1,)sin20 =

e 2(Q0' +1)sin(z Q™)
QZ

—sign(l, —1,)sin 20cos(z Q' *)).

_ 4ycos(fgl)(ao + Zk“(aj cos j@ +b,sin je)j (22)
j=1

where ¥ is the parameter which determines the amplitude ratio of gravity gradient
torque and ion beam torque

_Lp _ 2LTp
S 3ull -1

y (23)

As the height increases, the influence of the ion beam torque will increase in
comparison with the influence of the gravity gradient torque. It can be seen that

this parameter is proportional to the object orbit’s focal parameter p. The

amplitude ratio parameter will change as the altitude of the orbit changes during

object transportation mission.

2.2 Calculation of the ion beam forces and torque

The algorithm for calculating the ion beam force and torque is described in
detail in [8, 12]. The idea is to split the object into triangles and calculate the effect
of part of the ion flow on each triangle. The self-similar model of ion engine plume

expansion and fully diffused reflection model of ions interaction with the surface is
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used for calculation ion beam forces F,, F, and torque L, of each triangle. The

force acting on j-th triangle can be calculated as

j

2 2 2 2
MRSV | 3Ua *2)
2 2 2 2

Xy tan® o, X5 tan o,

J(er ‘N j )er : (24)

where m, is the ion mass, n, is the plasma density at the beginning of the far

region, R, is the radius of the beam at the beginning of the far region, «, is the

17 xfl}T is the vector directed

j ' Taj T

divergence angle of the ion beam, e, = [—1,—yajx
along the velocity of the ion flux at the barycenter P, of j-th triangle, given by its
coordinates in Ax,y,z, frame which axis Ax, is directed through ion beam axis; V,

is the axial component of the ion flux velocity, the radius vector of the barycenter

point P, in Ax,y,z, frame has coordinates p; :[—xaj,yaj,zaj T, S, Is the area of

j-th triangle. The resultant ion beam force and torque acting on the whole body can

be calculated as

F=2F,. L=)BPxF,

jed jed

where J is the subset of triangles inside the 1on beam.

3. Unperturbed motion analysis
The motion of an object in a circular orbit will be considered as an

unperturbed motion. In this case € =0 and equation (22) takes form
[
0" —7(a0 + (a,cos j& +D;sin je)j —sign(l, —1,)sin26=0. (25)
j=1

View of the phase portrait of the equation (25) depends on the amplitude ratio

parameter y and the coefficients of the Fourier series expansion @, and b,. It is

very difficult to analyze the phase portrait of the unperturbed equation (25) in

general case, since the coefficients of equation depend on many parameters,
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including the moments of inertia, shape and layout of the object, the parameters of
the ion beam, its direction and the distance between the active spacecraft and the
object. Perform further analysis for a specific passive space object: a cylinder with

following parameters: the mass of the passive object is m, = 2000kg, the radius of

the cylinder is R, =1.5m, its length is L, =6m (Fig. 2).

L

C

VoA x.

Fig. 2. The space object geometry.

It is supposed that the active spacecraft creates the ion beam with following
parameters: the particle’s mass is 2.18-10 kg, the plasma density is 2.6-10°m>,
the particle’s velocity is 38000m /s, the ion beam’s divergence angle is 15°, the

distance between the active spacecraft and the passive object is AB=15m. Fig. 3-
5 shows the dependence of the ion beam torque and forces on the object’s

deflection angle for various positions of the center of mass A =x_/ L, . The shift of

the center of mass to the lower end of the cylinder leads to the fact that two points

of intersection of the curve L (8) with the abscissa remain on the graph. From a

physical point of view, this means that when only the torque of the ion beam acts
on the body, two equilibrium states will exist: the stable position & =37 /2 and the
unstable position &= /2. It should be noted that a change in the position of the
center of mass leads to a change in the ion beam forces shown in Fig. 4 and Fig. 5,
since within the framework of the considered assumptions, the axis of the ion beam
is directed to the center of mass. Thus, as the center of mass shifts, the direction of

the ion beam also changes, which in turn leads to a change in resultant force.
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Fig. 3. Dependence of the ion beam torque L, on the object’s deflection angle for
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Fig. 4. Dependence of the ion beam force F,on the object’s deflection angle for

various displacements of the center of mass (A=x_/L,).
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Fig. 5. Dependence of the ion beam force F, on the object’s deflection angle for

various displacements of the center of mass (A=x_/L,).

13



The dependences of the ion beam torque on the angle shown in Figures 3
have kinks. They are explained by the transition of the end surfaces of the cylinder
to the shadow region and the non-parallel propagation of the ion beam particles. As
an example, consider points A and B on the graph corresponding to the center of
mass position A=0 in Fig. 3. A sharp change in the direction of the curves occurs

at points 6, =11.5° and 6, =169°. In the case 8 <8, , the ion beam only affects the

part of the cylindrical surface facing it (shown in green in Fig. 6a). The end
surfaces and the rear of the cylindrical surface are in shadow, and they are not
affected by the ion beam particles. Position € =6, corresponds to the situation
when the upper end plane of the cylinder becomes parallel to the trajectories of the
flow particles flying nearby, that is, it is located on the border of the shadow. For
0 > 0, , the upper end plane leaves the shade and 1s affected by the ion beam (Fig.
6b). Since the area of this surface is comparable with the area of the blown surface
of the cylinder, this exit from the shadow significantly affects the curve of L, (6)
graph. A similar pattern is observed near point B, with the only difference being
that at first the lower surface is blown by the ion beam (Fig. 6c), and at 0 > 6, it

turns into a shadow (Fig. 6d).
0=10° =152 0=168° 0=170°

AT
A SICE:
R RS

(a)

Fig. 6. Face transition to a shaded area.

According to equation (25), the attitude motion of the passive object in a

circular orbit depends on the ion beam torque view (through the coefficients a,

and b,), and y parameter (23) which include ion beam torque amplitude L™, the

14



moments of inertia 1., 1 , and the focal parameter of the orbit p. We study the

influence of the parameter y and the object’s center of mass position on the
location and type of equilibrium states of the unperturbed system. Two
fundamentally different cases will be considered: a prolate (I, > 1 ) and an oblate (
I, <1, ) space object.

Case 1: prolate object, which principle moments of inertia are
I, =2250kg-m?*, |

|, =6000 kg-m?. The influence of the position of the

y
center of mass of the object on the position of singular points are demonstrated by
bifurcation diagrams shown on Fig. 7 and 8. Unstable saddle-type equilibrium
positions are shown by solid lines in the diagrams. Stable center-type equilibriums
are shown by dashed lines. Analyzing the bifurcation diagrams shown in the
figure, we can conclude that during the transportation of the prolate cylinder, a
phase portrait of one of four types can be observed. The greatest diversity is
observed when the center of mass is located near the geometric center of the
cylinder (Fig. 8c). In the case A=0 (Fig. 8a) there are two bifurcation points (
y, =2.18,y, =2.34) that allow one to distinguish three different variants of phase
portraits Fig. 9. The differences in the topology of phase spaces are observed in
the vicinity of points & = zn. For small ¥, the main influence on the objects exerts
a gravity gradient torque, and &= is a singular point of the center type. With
increasing y the height of the orbit decreases and, at the same time, the influence

of the gravity gradient decreases in comparison with the ion beam torque.

Bifurcation occurs at the point ¥ =2.18. Two new centers and two saddles appear

in the phase portrait. In the vicinity of the point 6=x
three centers are observed, around which lie the oscillation areas separated by

separatrices (Fig. 9). With a further increase in the y parameter, the next
bifurcation occurs at the point y»=2.34. The center located at point &=

disappears and a saddle point is observed in its place (Fig. 9).
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Fig. 8. Bifurcation diagram for the case 1 <1,.

In the manufacture of a real spacecraft, the center of mass is displaced from

the plane of symmetry. Even a small displacement leads to a qualitative change in

the shape of the bifurcation diagram. Fig. 7 and 8 show points A, B and C

corresponding to different bifurcations. In the case A=0, points A and C occur at

the same value of the bifurcation parameter y =y, =y,. With increasing

displacement of the center of mass, points B and C are shifted to the left, and point

A is shifted to the right (Fig. 8). In addition, points B and C approach each other

(Fig. 8b-8c) and disappear as the displacement of the center of mass increases (Fig.

7b).
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Fig. 9. Phase portraits for A=0.

In the case when the center of mass is at a distance A >0.0006, points B and
C merge and disappear and only one bifurcation is observed. At small values of ¥,
one center is observed in the vicinity of 8= zn points (y =2 on Fig. 10). As the
parameter increases, bifurcation occurs. Another center and a saddle point appear
(=6 on Fig. 10). Separatris passing through this saddle point encompass the
centers, forming two oscillation areas.

As can be seen from Fig. 7, in all considered cases, positions 7 /2 and
37 /2 are unstable. With increasing y and distance A, stable positions in the
vicinity of the unstable position 3z /2 approach it. In all cases, two large
oscillation areas separated by a separatrix can be distinguished in the phase
portrait. Inside these oscillation areas, small internal oscillation areas bounded by

separatrices can be observed. The described bifurcations affect these small areas.
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Fig. 10. — Phase portraits for A=0.0015 various parameter y

Case 2: Oblate object, which principle moments of inertia are

|, =6000kg-m?, I, =1,=2250kg-m*. In the case of an oblate object, a much

simpler behavior is observed. When the center of mass lies in the geometric center
of the cylinder (A =0), the bifurcation diagram does not contain bifurcation points
(Fig. 11a). The corresponding phase portrait is shown in Fig. 12a. In the case of a
slight displacement of the center of mass, bifurcations are possible (Fig. 11b). As

the parameter y increases, the center located in the interval (z/2;7) shifts to the
right closer to the saddle point until it disappears. The center on the interval
(0;z/12) behaves similarly, shifting to the left (Fig. 12b, 12c). This moment
corresponds to bifurcation y, in Fig. 11b. With increasing displacement of the
center of mass, this bifurcation value decreases, and point A in the Fig. 11 is

shifted to the left. At large displacements, a new bifurcation y, arises, which shifts
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Fig. 12. Phase portraits of oblate space object.
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to the right with increasing A (point B in Fig. 11c). With small », one center is

observed (Fig. 12d). After bifurcation y,, two new centers are born from it, and a

saddle point appears in its place (Fig. 12c). In contrast to the case of a prolate
object, in this case there can exist both two (Fig. 12a) and one (Fig. 12 b-d)
external oscillation areas.

Thus, a space object exhibits complex behavior that can change as the

altitude of the orbit changes, affecting the gamma parameter.

4. Influence of the object’s oscillation on the ion beam force

In the previous section, it was demonstrated that even in a circular orbit, a
space object can demonstrate the complex dynamics of attitude motion. As shown
in Fig. 4 and 5, the magnitude of the force transmitted to the object by the ion
beam depends on the orientation of the object. In order to determine the most
favorable motion modes of the object for its transportation, the averaged values of
the forces during the oscillation period for various phase trajectories were
calculated. Fig. 13 shows the various phase trajectories for prolate space object
considered in the previous section. The corresponding averaged forces are shown
in Table 1.
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Fig. 13. Phase portraits for prolate space object, A=0.025, y =6.
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Table 1. — lon Beam forces for prolate space object.

Trajectory 1 2 3 4 5 6
F.. N 1.03-10°7 8.91.108 -5.57-.107 |-1.12.10 | 3.32.10°® 1.10-10°
Fy, 103N | -7.8 -1.7 -1.21 -8.01 -7.53 -8.87
Trajectory 7 8 9 10 11 12
F..N -1.40-10° | 3.47-10° -3.47-10° | -3.31-10° |8.95.10® 1.04.10°7
Fy, 103N | -8.96 -9.05 -9.05 -71.53 -1.7 -7.8

The data presented in Table 1 show that the most effective from the point of

view of transportation are trajectories number 8 and 9, which correspond to

oscillations near stable equilibrium positions of the center type. It should be noted

that the magnitude of the force F, reaches a relatively large value. This ion beam

force component will lead the object away from the ion beam axis, and additional

fuel costs of active spacecraft will be required to compensate for this removal. The

smallest modulo of F, force is observed on the 4th trajectory, where oscillations

with a large amplitude occur.

In the case of an oblate space object, a similar picture is observed: the most

favorable from the point of view of the transmission of force F, is transportation

in which the object oscillates around stable equilibrium positions (Fig. 14,

trajectories 8 and 9). The average values of forces for this case are shown in Table

2.
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Fig. 14. — Phase portraits for oblate space object, A=0.025, y =2.

Table 2. — lon Beam forces for oblate space object.

Trajectory 1 2 3 4 5 6
F., N 4.47-10% | 1.48.10° |159.10° |-1.29.10° |-1.35.10% |-1.5.10"
F, 10°N |-7.85 -7.35 -8.20 -8.5 -8.42 -8.42
Trajectory 7 8 9 10 11 12
F..N -1.49-10* | -7.86-10° |8.43.10° |-8.48:10° |-8.4810° |4.54.10°
F, 10°N |-84 -9.11 -9.11 -7.17 -7.17 -7.85

The data given in Tables 1 and 2 show that the region of the phase space in
which the relative motion occurs has a significant effect on the magnitude of the

force transmitted by the ion beam. The difference in ion beam force is about 18%.

5. Chaotic motion

During the transportation of a space object, its eccentricity will change as a
result of the action of the ion beam forces. The space object will move in a
changing elliptical orbit, and the distance from the center of mass of the object to
the center of mass of the Earth will periodically change. This periodic change in

height will lead to a periodic change in the magnitude of the gravitational gradient
22



torque, which can be considered as a periodic disturbance. The presence of saddle
points in the phase portrait of an unperturbed system and periodic disturbances
create the prerequisites for chaos. One of the methods for detecting chaos is the
Poincare section. Regular trajectories on Poincare sections look like smooth lines.
Chaotic trajectories are displayed on the Poincare section as a cloud of points.

In order to construct the Poincare section, several initial points in the phase
portrait are given. For each such point, the numerical integration of equation (22) is
performed. The points of the obtained phase trajectory corresponding to the

moments 7=27Q) (jeN) are plotted on the Poincare section. Fig. 15 and 16

show the Poincare sections obtained for the eccentricity e =0.01. A comparison of
the Poincare sections with the phase trajectories of the unperturbed system shown
in Fig. 13 and 14 allows to conclude that in the vicinity of the unperturbed
separatrices a chaotic layer is observed in the form of a point cloud, and in the

distance from the separatrices the motion remains regular.
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Fig. 15. Poincare cross section for prolate object A=0.025, y =6.
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Fig. 16. Poincare cross section for oblate object A=0.025, y=2.

Fig. 16 is of particular interest. Phase trajectories favorable from the point of

view of average force F, (trajectories 8 and 9 in Figure 14) appear inside the

chaotic layer in the case of the elliptical orbit under consideration with nonzero
eccentricity. In this case, the image point can move inside the entire chaotic layer,
which corresponds to vibrations of a space object with a large amplitude. As a
result, the average force will change compared with the case of unperturbed motion
in a circular orbit. Table 3 shows the averaged values of the ion beam forces
calculated for the initial conditions corresponding to the phase trajectories shown
in Fig. 14. Averaging was carried out at intervals equal to ten periods. As can be

seen from Table 3, the average force F, dropped significantly compared with the

unperturbed case, which is conditionalized by another mode of oscillation of the

object.
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Table 3. — lon Beam forces for oblate space object (e =0.01).

Trajectory 1 2 3 4 5 6
F. N 1.21-10°7 3.95.10° 6.45-10°7 -2.40-107 | -3.50-10° |-1.5.10"
F,. 103N |-7.86 -7.66 -8.16 -8.5 -8.56 -8.43
Trajectory 7 8 9 10 11 12
F..N -1.48-10% | -4.72.10° | 3.68-10° -8.97-10° | 9.00-10° 1.24.10°7
Fy, 103N | -8.39 -8.22 -8.6 -7.28 -7.28 -7.85

6. Conclusions

The problem of studying the attitude dynamics of a space object during its
contactless transportation by an active spacecraft was considered in a flat
statement. A mathematical model describing the motion of a mechanical system
consisting of the space object and the active spacecraft was developed using the
Lagrange formalism. An equation that approximately describes the motion of the
space object relative its center of mass in Kepler’s orbit under the influence of an
ion beam created by the active spacecraft was obtained. Based on the analysis of
this equation, parameter y, which depends on the ratio of the gravitational gradient
and the torque of the ion beam, was introduced. An analysis of the undisturbed
motion of a cylindrical object in a circular orbit was carried out. Bifurcation
diagrams describing the position of the singular points of the equation of the space
object’s unperturbed motion depending on the parameter y were constructed. The
influence of the position of the center of mass of a cylindrical object on the type of
bifurcation diagrams in the case of a dynamically prolate and oblate cylinder was
investigated. For a number of characteristic phase trajectories, the projections of
the ion beam forces averaged over the period of the object’s oscillations were
calculated. The most favorable phase space areas for contactless transportation
were identified. Using Poincare sections, it was shown that chaotic motion is
possible in the case of perturbed motion in an elliptical orbit. For the case of the
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oblated cylinder (1, >1,), it was shown that the favorable phase space areas can

fall into the region of chaotic motion. Calculations showed that this leads to a
decrease in the averaged ion beam force, which increases fuel consumption and the
time required for the transport operation. In the case of the prolate cylinder

(I, <1,), favorable trajectories are located far from the chaotic layer, and their

chaotization is possible with relatively large values of the orbit eccentricity.

Thus, it was shown that the attitude motion of a space object has a
significant effect on the magnitude of the force transmitted by an ion beam. During
transportation, the eccentricity of the object’s orbit changes, which leads to a
change in the thickness of the chaotic layer. The phase trajectory entering the
chaotic layer can noticeably decrease the ion beam force and, as a result, the
efficiency of the entire contactless transport system. Thus, the task of developing
control laws for the active spacecraft and ion beam in order to suppress chaos and
transport an object in a favorable angular mode is relevant. The results of this work

can be used in development of space systems of contactless transportation.
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