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The attitude dynamics of a cylindrical body under the action of an ion beam generated
by the low thrust engine of an active spacecraft is studied. The aim of the work is the
analysis of chaotic and regular attitude motion of the body during contactless
transportation. The eccentricity of the orbit could cause chaotic motion of the system. A
simplified mathematical model, which describes the motion of a cylinder under the
action of an ion beam, was developed. A bifurcation diagram was constructed. It allows
judgment of the number and type of singular points of the phase portrait of an
unperturbed system depending on the ratio between gravitational and ionic influences.
An analysis of the chaotic motion was carried out using Poincare sections and
Lyapunov exponents. It shows that in the process of contactless transportation from
MEO to LEO, the cylinder can become uncontrollable from the oscillation motion mode
to the rotation mode. The orientation of the body in the ion beam affects the magnitude
and direction of the ion beam force vector; thus, the body angular motion mode affects
the time duration of the performed orbital maneuver and the magnitude of the required
fuel.
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general situation (provided that the the linear momentum transferred is constant), and
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Powered by Editorial Manager® and ProduXion Manager® from Aries Systems Corporation



Order of Authors (with Contributor Roles):

Or do the authors assume a perfect alignment of the plume with the target center of
mass: beta=0. Can the authors clarify this point?

Response: You are right. The case beta =0 was considered. The following explanation
was added:

“It is assumed that the ion beam axis is directed to the body center of mass (beta=0).”

Comment 2.1: In the final results and in the conclusions, the authors say that the
attitude motion affects the duration of the de-orbiting (comparing cases 1 and 2),
because of a variation of the ion beam force magnitude. However, you also said that
the momentum transfer efficiency is constant (100%) and that the thrusters are always
operating at a constant power level (in the introduction), so that | expect that the thrust
produced by the thrusters are constant in magnitude. This means that the transferred
impulse Fx2+Fy2 is also constant and independent of theta. How is it possible that the
ion beam force magnitude changes then? Am | missing something?

Response: When we talked about "momentum transfer efficiency", we did not mean
the entire flow, but part of the ions that collide with the body surface. The sum Fx2+Fy2
is not constant. This force is not equivalent to the thrust of the ion engine. Part of the
ion flow passes by the body and does not transmit its momentum.

The sentence “The ion beam momentum is delivered to the body completely” was
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Abstract The attitude dynamics of a cylindrical body
under the action of an ion beam generated by the low
thrust engine of an active spacecraft is studied. The aim
of the work is the analysis of chaotic and regular atti-
tude motion of the body during contactless transporta-
tion. The eccentricity of the orbit could cause chaotic
motion of the system. A simplified mathematical model,
which describes the motion of a cylinder under the ac-
tion of an ion beam, was developed. A bifurcation dia-
gram was constructed. It allows judgment of the num-
ber and type of singular points of the phase portrait of
an unperturbed system depending on the ratio between
gravitational and ionic influences. An analysis of the
chaotic motion was carried out using Poincare sections
and Lyapunov exponents. It shows that in the process
of contactless transportation from MEO to LEO, the
cylinder can become uncontrollable from the oscillation
motion mode to the rotation mode. The orientation of
the body in the ion beam affects the magnitude and
direction of the ion beam force vector; thus, the body
angular motion mode affects the time duration of the
performed orbital maneuver and the magnitude of the
required fuel.
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1 Introduction

In recent years, great attention has been paid to con-
tactless transportation methods of passive space debris
objects. Their main advantage is the ability to aban-
don the complex and dangerous operations of docking
or mechanical capture of a passive object by an active
spacecraft. Researchers are actively discussing several
possible ways of contactless force transmission from one
object to another: Coulomb interaction [22, 3], ion beam
[10,17,16], electromagnetic interaction [25,23], gravita-
tional interaction [4,5], lasers [20,21,11]. This study ex-
amines the use of an ion beam for a passive object con-
tactless transportation, considering its attitude motion.

The situation is considered when an active space-
craft with ion thrusters approaches a passive rigid body.
The spacecraft turns on the engine and directs the flow
of ions toward the body. The spacecraft control system
and other engines provide a constant distance to the
blown body and constant focus on the body center of
mass. The plasma plume particles collide with the sur-
face of the body and create pressure on it. Thus, a con-
tactless force transmission from the active spacecraft to
the passive rigid body is achieved. This phenomenon re-
sembles the movement of a body in a resisting medium.
However, the significant disparity is that different par-
ticles of the medium have varying velocities. Particle
propagation in an ion engine jet is studied, for exam-
ple, in [13,14]. The studies [1,6] describe a method for
calculating the forces and torques acting on a body as
a result of blowing it with an ion stream. The simplest
self-similar ion distribution model is used in this study.
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The ion beam can have a noticeable effect on the motion
of the body relative to its center of mass.

This study is limited to considering only gravita-
tional and ionic forces and torques acting on the body.
It is assumed that the power of the engine generating
the ion flux does not change in the considered time in-
terval. Meanwhile, the gravitational forces depend on
the distance to the center of the Earth. Therefore, if,
as a result of prolonged exposure to ion flux, the or-
bit of the body changes significantly, the ratio between
gravitational and ionic effects will also change. In turn,
this can lead to a qualitative change in the pattern of
the body motion relative to the center of mass. This
issue has not been considered so far in the scientific
literature.

Prolonged exposure to ion flux can lead to a change,
not only in height but also in the eccentricity of the
body orbit. It is a known fact that the ellipticity of the
orbit is the cause of chaos in the dynamics of a satellite’s
attitude motion [27,12,15]. In the space tether systems,
the chaotic effects are more pronounced due to their
large extent [26,8,19]. In the considered problem of the
contactless influence of the ion flux on the body, the
onset of chaos can cause an uncontrolled transition of
the body from the oscillation mode to rotation and vice
versa. The possibility of such an event should be taken
into account by the active spacecraft control system to
ensure its reliability and effectiveness.

The aim of this work is the analysis of chaotic and
regular attitude motion of the body during its contact-
less transportation for various ratios of gravitational
and ionic influences. A simplified mathematical model
will be developed, a qualitative study of its phase por-
traits will be carried out, and chaotic motions will be
analyzed using Poincare sections and Lyapunov expo-
nents, to achieve this goal. The plane motion of a me-
chanical system will also be considered.

The paper is divided into five sections. A simplified
mathematical model describing the attitude motion of a
rigid body in the orbit plane under the action of an ion
beam is obtained in Section 2. A bifurcation diagram
describing the change in the position of singular points
of the system depending on the ratio of gravitational
and ionic forces is given in Section 3. Section 4 con-
tains the analysis of the chaotic motion of a rigid body
in an elliptical orbit. The results of a numerical simu-
lation of moving a cylindrical body from MEO to LEO
utilizing the ion beam created by the active spacecraft
engine are presented in Section 5. The main results and
conclusions are given in Section 6.

The authors declare that they have no conflict of
interest. The contribution by the authors to this study
can be described as follows: Sections 1-4 were written

Fig. 1 Mechanical system

by V. Aslanov and A. Ledkov, and Sections 5 and 6 by
all three authors jointly

2 Mathematical model

The motion of a mechanical system consisting of a rigid
body and an active spacecraft, equipped with two ion
thrusters, is considered. It is assumed that the motion
occurs in the orbital plane under the action of grav-
itational forces, the thrust force of the ion thrusters,
and the force resulting from the ion beam impinging on
the body. The body is considered a cylinder, the center
of mass, which is at the intersection of the axis, and
the plane of symmetry (Point B in Fig. 1). The active
spacecraft is the material point A (Fig. 1). The system
position can be described using five generalized coordi-
nates: the true anomaly angle v, the distance between
the center of the Earth and the spacecraft r, the dis-
tance between the spacecraft and space debris center of
mass d, the angle of deviation of the line connecting the
spacecraft and center of mass of the space debris from
the local horizon of the spacecraft «, and the body de-
flection angle 6. The direction of the axis of the ion flux
created by the spacecrafts engine can be defined by the

angle f.

2.1 Equations of the mechanical system motion

The equations describing the motion of the mechani-
cal system shown in Fig. 1 are highly nonlinear. The



Chaotic motion of a cylindrical body during contactless transportation from MEO to LEO by ion beam 3

process of deriving the equations of motion using the
Lagrange formalism is described in detail in Ref. [7].
Five second-order differential equations of the system
motion are given below.
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where p is the gravitational constant of the Earth, m 4
is the mass of the active spacecraft, mp is the mass
of the body, P,, P, are the spacecraft engine control
thrust force projections, I, is the longitudinal moment
of inertia of the body, I, I, are the transversal mo-
ments of inertia of the body, rpz is the distance between
the center of the body and the Earth, Fj, F, are the
projections of the ion beam force on the axes of the
body coordinate system, L, is the ion beam torque.
Consider a situation where an active spacecraft con-
trol system keeps a constant distance d = const and
angle a = const. It is assumed that the ion beam axis
is directed to the body center of mass (8 = 0). Projec-
tion of the spacecraft thrust force can be found from
equations (4), (5), and conditions d = d = & = & = 0.

P, = ma (Fy cos 0—F, sin6)

+3umA(3(I —I )00529 I,+21,+2I, ) (6)
2mBr4
F, sin 0+ F, cos 6 Bu(ly—1,)cosb
Py: ma( a_blilnB y COS )+ e r4y) S . (7)

Taking into account that d << r the equation (3) can
be reduced to

L, 2or
6="24+2" 4
I, T

3u(ly — I)sin 26

8
21,73 (8)

In the studies of the attitude motion of a body in
orbit flight, the approach of transition from an inde-
pendent time variable to the new independent variable
of the true anomaly angle is widely used. It is supposed
that the motion occurs in a Keplerian orbit. In this case
equations (1) and (2) are replaced by expressions

er sin v c
P j— persmy oo € (9)

~ 1+ecosv’ (1+ecosv)?’ r

where p is the focal parameter, e is the eccentricity, ¢
is the angular momentum of the body center of mass
relative the Earth center O. In the case of a Keplerian
orbit, these parameters are constant. The derivatives
for an arbitrary function f are related as

: ¢ . c? de r'c?

f=r1-=, f—f" +f’ —2f — 5 (10)
r

where () = (fl—(y) is the derivative with respect to the

true anomaly angle v. After the transition to a new in-
dependent variable, taking into account (10), equation
(8) takes the form

9" = L= p* |y 3Ue=1,)sin20
T I. c2(14+ecosv)? 21, (1+ecosv) (11)
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+

In the case of small eccentricity e << 1, equation (11)
can be expanded in series in powers of e
9" — L.c%(1—4ecosv) + 3(Iz—1Iy)(1—ecosv)sin 26

P, 21 12
+2¢e(0' + 1) sinv + O(e?). (12)

Expression p = ¢2/u was used in the derivation of equa-
tion (12). This equation can be rewritten in the form

9" = 55;6 + 3(151 2 sin26 + e (26 +

3(I.—1I,
—4L. IC cosV — % cos v sin 29)

1)sinv

(13)

Ton beam torque L, is only a function of #, since
the assumption that d and 8 are constants was made.
It can be represented as a Fourier series

o0
L.(0) =LY | ao+ Z (aj cos j0 + b; sin j0) (14)
j=1
where L7'** is the modulus of the maximum value of the
ion beam torque, a;, b; are coefficients depending on the

distance d, the engine thrust, and the body shape. The
substitution of equation (14) in equation (13) gives

—Alao+ > (g4 cosj0+bjsinj9)) — Bsin260 =

j=1
e(2(0" +1)sinv — Bsin20 cosv (15)
—4A (ao + > (ajcosjO + b, sinj@)) cos 1/) ,

j=1
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where A = L;4IC , B = w For the body of the Jro,

considered shape, the type of phase portrait of an un- s

perturbed system (e = 0) is determined by the ratio of ,ﬁ;%‘i%

coefficients A and B. The third term in equation (15)
can be considered as an external small periodic per-
turbation, which, in the presence of an unstable equi-
librium position, is a prerequisite for chaos. A chaotic
layer may form in the vicinity of the separatrices of the
unperturbed system. The phase trajectory entering this
layer can lead to an uncontrolled transition of the body
from the oscillation motion mode to the rotation and
vice versa.

2.2 Ton beam force and torque calculation

The critical issue for subsequent analysis is the cal-
culation of ion beam forces Fj, Fy, and torque L..
The methodology for calculating these quantities is de-
scribed in Refs. [1,6] and the third chapter of the mono-
graph [2]. Without going into detail, we give the main
assumptions and references that were used by the au-
thors in the development of the computational algo-
rithm.

The surface of the body is divided into N triangles
to obtain the ion beam forces F and torque L vectors.
After that, the force F; generated by the ion beam on
each j-th triangle is calculated, then the resulting force
and torque are found as a sum

N N
F=SF;, L=3 BP xF;. (16)
=1 =1

Several assumptions are made in calculating the forces
F;. Since the dimensions of the triangles are small, it
is supposed that the velocities of all particles colliding
with a triangle surface are parallel to the velocity of the
particle hitting the barycenter. Further, it is assumed
that the j-th triangle barycenter P; is the point of the
force F; application. The hypothesis of ion recombi-
nation and neutral diffuse reflection from the triangle
surface is used. The ion beam accommodation coeffi-
cient is taken equal to one. The momentum of the ion
beam part that cuts into the triangle is transferred to
it completely. The force F; can be calculated as [1]

Fj = —njmo(Vj . Nj)Vj, (17)

where n; is the ions concentration at the point P;, myg is
the elementary mass of the ion, N; is the unit normal to
the j-th triangle, V; is the velocity of a particle falling
into the barycenter of the j-th triangle. It is supposed
that if a triangle is in shadow, then the force acting
on it is equal to zero. It is also assumed that the axial
particle velocities in the ion beam wug are constant. A

MR
Lxr

Fig. 2 The ion beam force F); acting on the j-th triangle

self-similar ion propagation model is used in calculating
the ion beam concentration [1]

2 a2 2
n; = % exp (—%) , (18)
where ng is the plasma density at the beginning of the
far region, Ry is the radius of the ion beam at the begin-
ning of the far region, g is the divergence angle of the
beam, Z4j, Yaj, 2a; are the coordinates of the barycen-
ter P; in the ion beam reference frame Az,yq2, shown
in Fig. 2.

In the mathematical model, L, is expressed as the
Fourier series of equation (14), in which the torque
L.(#) and the maximum torque L2®* are computed
numerically using equation (16), and the Fourier co-
efficients a;, b; are given by:

™
M% [ L.(0)cos(j60)de,
- (19)
| L.(0)sin(j0)d,

—T

where the integrals are calculated numerically.

The magnitude of the total ion beam force trans-
mitted by the flow to the body depends on its shape
and orientation in the ion beam. Part of the ion flow
passes by the body and does not transmit its momen-
tum. Therefore, for example, the ion beam force in po-
sition @ = 0 will be greater than in position 0§ = 7/2
(Fig. 3).

3 Bifurcation diagram

The motion of an unperturbed system, which corre-
sponds to motion in a circular orbit, is described by
the differential equation

0" — A a0+ > (ajcosjd+b; sinj9)>

Jj=1

—Bsin20 = 0.

(20)
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Fig. 3 The influence of the body orientation on the magni-
tude of the ion beam strength

Table 1 Parameters of the considered system

[ Parameter [ Value |
Mass of the body mp 1500 kg
Mass of the spacecraft m 4 500 kg
Transversal moments of inertia I, I, | 6500 kg m?
Longitudinal moment of inertia I, 1500 kg m?
Length L 6 m
Radius R 1m
Distance between the body
and the spacecraft d 15 m
Table 2 Parameters of the ion beam
[ Parameter [ Value ]
Plasma density no 2.6-1016 m=3
Mass of particle (xenon) mg 2.18-10~2° kg
Radius of the beam at the 0.1 m
beginning of the far region Ro
Axial component of the ion
beam velocity wug 38000 m/s
Divergence angle of the beam aqg 15 deg

The form of phase portrait of the system depends on
the ratio between the parameters A and B
A _ 2ernaxc6 B 2L1Znaxp3

B 3pt(I, —1y)  3p(ly — 1)’

v = (21)
and on the coefficients of the ion beam torque a;, and
b;j. Since these coefficients depend on the shape and
mass composition of the space debris, as well as the
distance to the active spacecraft and the engine param-
eters, it is not possible to analyze the phase portrait of
equation (20) without selecting specific system param-
eters. This work is limited to studying the dynamics
of an ideal cylindrical body whose center of mass is at
the intersection of the axis with the plane of symmetry.
The inertial and geometric parameters of the body and
spacecraft are given in Table 1. Table 2 contains the
parameters of the ion flux generated by the engines of
the active spacecraft [9].

Table 3 Coefficients of the the ion beam torque expansion

T : 6 8 10
b, | 1| -0.5456 | 0.1523 | -0.1260 | 0.04934
T o —— |
SR : )
1 il D : 5
e | |B
LN 2
N S
EE i| stable %
= 2 Y %
) | P | S
l': E
unstable | __.- g é
0 Vel | mmmmmmm=n J/— 2
16 T ~ _4 :
Y

Fig. 4 Bifurcation diagram for a circular orbit

Using the methodology described in Section 2.2 and
implemented by the authors in MATLAB, the coeffi-
cients of the expansion of the ion beam torque were
determined: L}'** = 0.009369 N m, a; = 0, and odd co-
efficients b; equal to zero. The values of the remaining
coefficients are given in Table 3.

The bifurcation diagram of equation (20) is shown
in Fig. 4. It demonstrates the dependence of the equilib-
rium positions 6, on the parameter . Singular points
of the center type are shown by solid lines, and the sad-
dle type singular points are indicated by dashed lines.
Bifurcation points are shown in the figure as white cir-
cles. Bifurcation occurs at v = v, = —12.325. It can be
seen from the diagram that there are two types of sys-
tem phase portrait. For v > -,, the phase portrait has
the form shown in Fig. 5. Three stable singular points
of the center type (6, = mn/2, n = 0,1,2) and two
saddle points are observed. Two areas of rotation mo-
tion mode A, Ao, and two areas of oscillation motion
Az, Ay, can be distinguished in the phase portrait. In
the case v < 7., there is one stable center-type point
0. = 7/2 and two saddle points on the phase portrait
(Fig. 6). Two areas of rotation motion mode Ay, As,
and one area of oscillation motion A3 can be observed
in this case. Fig. 7 shows the dependence of the di-
mensionless parameter v on the height above the Earth
surface H.

4 Chaotic motion

In the case of a perturbed orbit, when the eccentricity
is not equal to zero, a chaotic layer is observed in the
vicinity of the separatrices. Figures 8-13 show Poincare
cross-sections built for v = —2 and v = —15 for vari-



Vladimir Aslanov* et al.

1.5

3

é
-/

-1.5

(=]
a

i
S

/2 3n/4 T
0, rad

=~

Fig. 5 Phase portrait obtained for the case v = -2 (H =
1441 km)
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Fig. 6 Phase portrait obtained for the case v = —15 (H =
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Fig. 7 Dependence of v on the altitude above the Earth
surface H

ous eccentricity values using equation (15). When con-
structing the cross sections, the value B = —1.1538
was used, which corresponds with the data from Ta-
ble 1, and A = «B. The chaotic layer is shown by a
cloud of points that do not line up in curved lines. In
all cases, a chaotic layer in the vicinity of the separa-
trices of unperturbed systems is observed. The area of
the region, which is occupied by the chaotic layer in the
phase portrait, increases with increasing eccentricity
In addition to constructing Poincare sections, the
presence of chaos in the system can be confirmed by cal-
culating the Lyapunov spectrum for individual trajec-

e=0.001

@
-2
0 /4 /2 3n/4 T
0, rad
Fig. 8 Poincare cross sections for e = 0.001 and v = —2

0 /4 /2 3n/4 T
0, rad
Fig. 9 Poincare cross sections for e = 0.01 and v = —2
2

e=0.05

-2
0 /4 /2 3n/4 T
0, rad
Fig. 10 Poincare cross sections for e = 0.05 and v = —2

0 /4 /2
0, rad

3n/4 e

Fig. 11 Poincare cross sections for e = 0.001 and v = —15



Chaotic motion of a cylindrical body during contactless transportation from MEO to LEO by ion beam 7
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Fig. 12 Poincare cross sections for e = 0.01 and v = —15

/2 3n/4 e
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Fig. 13 Poincare cross sections for e = 0.05 and v = —15

tories. The Lyapunov exponents making up this spec-
trum characterize the evolution of trajectories in a cer-
tain volume near the trajectory under consideration in
different directions of the phase volume. A numerical
algorithm for calculating Lyapunov exponents is given,
for example, in Ref. [24]. Let us consider perturbed mo-
tion of the system in an extended phase space. Equation
(15) can be written in the vector form below, to do this:

x' = f(x) (22)

where x = [z1, 29, 23] = [#,0,v] is the vector of vari-
ables, f(x) = [f1, f2, f3] is set of functions:

&)
fi=A[ao+ > (ajcosjze+b; sinjx2)>
j=1

+Bsin2xs + e (2(x1 + 1) sin s

—4A | ag+ Y (ajcosjzs +b; Sinjx2)> cosxg (23)
j=1

3(I,—1,) ..
—T’ sin 2x9 COSZC3) ,
f2 =T,
f3=1

This system belongs to the class of autonomous systems
of dimension N = 3. Lyapunov characteristic exponents
A; are constructed for the trajectory starting at the
point xg. In e-vicinity of this point (¢ = 107°) three
starting points Xg1, Xg2, Xo3 are taken, such that the
vectors Xo; — Xo (j = 1,2,3) are mutually orthogonal.
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Fig. 14 Lyapunov characteristic exponents for the case e =
0.01, v = —2, x0 = [0, 0.612, 0]
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Fig. 15 Lyapunov characteristic exponents for the case e =
0.01, vy = -2, x0 = [0, 2, 0]

Accordingly, the method of Lyapunov characteristic ex-
ponents calculation, a time interval 7 = 0.3 is chosen
and, using Eq. (22), we carry out numerical integration
up to the moment 7. The resulting points xg1, Xg2, Xk3
are used to calculate the sums inside the Lyapunov ex-
ponents:

PR UV 1 |

j:mZmT, j=1,2,3; (24)
k=1

where M is the number of iterations, symbol ~ means

orthogonalization of the vector in accordance with the

Gram-Schmidt method.

Fig. 14 shows the Lyapunov exponents calculated
for a chaotic trajectory starting at a saddle point xg =
[0, 0.612, 0]. Fig. 15 shows the Lyapunov exponents for
a trajectory starting at point xg = [0, 2, 0]. These graphs
were obtained for the e = 0.01, v = —2, which Poincare
cross-sections are shown in Fig. 9. The Lyapunov ex-
ponents for a chaotic trajectory for the second type of
phase portrait, shown in Fig. 12, are shown in Fig. 16.
They are obtained for the case e = 0.01, v = —15 and
initial point xg = [0, 0.01, 0].

For trajectories starting inside the chaotic layer, the
spectrum contains positive, zero, and negative Lyapunov
exponents (A ~ [0.102, 0, —0.100] for Fig. 14 and A ~
[0.164, —0.015, —0.149] Fig. 16). Such a set indicates
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Fig. 16 Lyapunov characteristic exponents for the case e =
0.01, v = —15, xo = [0, 0.01, 0]

that the trajectory is a strange attractor, and dynamic
chaos is observed in the system. For a regular trajec-
tory, the characteristic Lyapunov exponents shown in
Fig. 15, it is impossible to draw any conclusion about
the type and stability, since all exponents tend to zero.

Along with Lyapunov exponents and Poincare cross-
sections, the Melnikov criterion is often used to deter-
mine the presence of chaos in a system. Melnikov’s the-
ory allows us to write the necessary condition for chaos
[18,28]. However, the construction of the Melnikov cri-
terion is difficult for the considered unperturbed equa-
tion (20) due to the lack of analytical expressions for
its heteroclinic trajectories.

5 Numerical simulation of the body descent
from MEO to LEO

This section considers the simulation of the body trans-
portation by the ion beam where transition through the
bifurcation point occurs. It is assumed that before the
transport operation, the body moves in a circular orbit
at an altitude of 10,000 km. Two cases are considered
when the body initially is deflected at an angle 6y = 0.1
rad (case 1) and at an angle 8y = 7/2—0.1 rad (case 2).
The parameters of the body and the active spacecraft
are given in Tables 1 and 2. Equations (1), (2), (8) are
used to simulate system motion.

Calculations show that the body moves from an or-
bit height of 10000 km to 100 km in 50254 hours (= 6
years) in case 1, and 36843 hours (= 4 years) in case 2.
The dependence of the orbit radius and the orbit eccen-
tricity on the true anomaly is shown in Fig. 17 and Fig.
18. It is seen that the eccentricity increases as a result
of the ion push. The growth of eccentricity leads to the
expansion of the chaotic motion area. As a result, the
image point passes from the area of regular motion to
a chaotic region. Due to the deformation of the phase
portrait described by the bifurcation diagram above,
the image point can then transfer in the vicinity of the

Fig. 17 Evolution of the orbit radius during the body con-
tactless transportation

equilibrium positions 0 or 7/2. In real life, the moment
of transition of a phase trajectory from one region to an-
other cannot be predicted due to the existence of chaos
in the system, the presence of small external perturba-
tions, and inaccuracy in determining the initial motion
conditions and parameters of the body.

The dependences of the variation of theta angles
on the true anomaly for various initial positions 6, are
shown in Fig. 19. Initially, the oscillations occur around
the equilibrium position 7/2 (yy = —18.4). After the
expansion of the chaotic layer, because of an increase
in the eccentricity of the orbit, the image point falls in-
side the chaotic layer. In this layer, the trajectories are
not periodic and can pass through any area of the layer.
Being in the chaotic layer of the perturbed system, the
phase trajectory can be in the area bounded by the sep-
aratrix of the corresponding unperturbed system, or the
phase space area outside it. In the first instance, we say
that the system is in oscillation mode, and second, that
it is in rotation mode. Fig. 19 demonstrates transitions
from the oscillation mode to the rotation mode and
vice versa at v > 800. Regions of oscillations and rota-
tions are marked for the trajectory starting at a point
0o = 0.1 (considered case 1). In a chaotic layer, the
behaviour of initially closely spaced trajectories varies
greatly. In case 2, the expansion of the chaotic layer
does not affect the phase trajectory. It always remains
in the vicinity of the equilibrium position /2, oscillat-
ing around it.

Thus, it is shown that the attitude motion of the
body has a noticeable effect on the magnitude of the ion
beam force vector and, accordingly, on time taken to an
orbital maneuver. Uncontrolled transitions in motion
modes can lead to an increase in the required time and
fuel consumption. Additional efforts should be made to
control the attitude motion of the body during its ion
beam transportation, to prevent the described situa-
tion.
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Fig. 18 Evolution of the orbit eccentricity during the body
contactless transportation
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Fig. 19 Attitude motion of the body during its contactless
transportation

6 Conclusion

In this paper the motion of a cylindrical body under the
action of an ion beam generated by a low thrust engine
of an active spacecraft is examined. The following new
results were obtained:

— A simplified mathematical model describing the per-
turbed attitude motion of the body in a Keplerian
orbit under the influence of ion beam torque is de-
veloped.

— A bifurcation diagram demonstrating the location
and type of equilibrium positions depending on the
system parameters is constructed. The diagram is
built for an unperturbed equation of the body oscil-
lations in a circular orbit.

— The existence of chaos in the case of the cylindri-
cal body in an elliptical orbit is demonstrated using
Poincare cross-sections and Lyapunov characteristic
exponents.

— Numerical calculations show the possibility of the
cylindrical body transition from the oscillation mo-

tion mode to the rotation and vice versa during
the maneuver of the body contactless transporta-
tion from MEO to LEO. Since the magnitude of
the generated ion beam force depends on the ori-
entation of the body in the ion beam, its attitude
motion mode affects the time required to complete
the maneuver, and hence the required amount of
fuel. Additional efforts should be made to control
the body attitude motion to prevent the described
transition and minimize fuel consumption.

The presented results are obtained for an ideal case
of a cylindrical body, whose center of mass lies at the
intersection of the axis and the plane of symmetry. Even
in this simplest case, the system exhibits complex dy-
namic behavior. An analysis of the influence of system
parameters on the body attitude motion and search for
effective methods and laws of controlling will be the
subjects of further research by the authors. The results
of this study develop the nonlinear space flight dynam-
ics and can be used in the creation of new contactless
space transportation systems.

Acknowledgements This study was supported by the grant
in form of subsidies from the federal budget, allocated for
state support of scientific research under supervision of lead-
ing scientists in Russian institutions of higher education, sci-
entific foundations and state research centers of the Russian
Federation (7th stage, Decree of the Government of the Rus-
sian Federation No. 220 of 09 April 2010), Contract No. 075-
15-2019-1894 dated 03.12.2019.

Compliance with ethical standards
Conflict of interest

The authors declare that they have no conflict of inter-
est.

References

1. Alpatov, A., Cichocki, F., Fokov, A., Khoroshylov, S.,
Merino, M., Zakrzhevskii, A.: Determination of the force
transmitted by an ion thruster plasma plume to an or-
bital object. Acta Astronautica 119, 241 — 251 (2016).
DOI 10.1016/j.actaastro.2015.11.020

2. Alpatov, A., Maslova, A., Khoroshylov, S.: Con-
tactless de-orbiting of space debris by the ion
beam. PH ”Akademperiodyka”, Kyiv (2019). DOI

https://doi.org/10.15407/akademperiodyka.383.170

3. Aslanov, V., Yudintsev, V.: Motion control of space tug
during debris removal by a coulomb force. Journal
of Guidance, Control, and Dynamics 41(7), 1476-1484
(2018). DOI 10.2514/1.G003251

4. Aslanov, V.S.: Debris removal in geo by heavy orbital
collector. Acta Astronautica 164, 184-191 (2019). DOI
10.1016/j.actaastro.2019.07.021



10 Vladimir Aslanov* et al.
5. Aslanov, V.S.: Gravitational trap for space debris in in Materials Science, pp. 217-246. Springer (2018). DOI
geosynchronous orbit. Journal of Spacecraft and Rockets 10.1007/978-3-319-96845-2_8
56(4), 1277-1281 (2019) 22. Schaub, H., Moorer, D.F.: Geosynchronous large debris
6. Aslanov, V.S., Ledkov, A.S.: Attitude motion of cylindri- reorbiter: Challenges and prospects. The Journal of the
cal space debris during its removal by ion beam. Math- Astronautical Sciences 59(1-2), 161-176 (2012). DOI
ematical Problems in Engineering 2017, 1 — 7 (2017). 10.1007/s40295-013-0011-8
DOI 10.1155/2017/1986374 23. Sharma, K.K., Ghazali, S., Dalai, A., Sarawat, K., De-
7. Aslanov, V.S., Ledkov, A.S.: Space debris attitude con- valla, V., Joshi, S., Mondal, S., Rawat, P.: Space debris
trol during contactless transportation in planar case. reduction using eddy currents. In: 2018 Atmospheric
Journal of Guidance, Control, and Dynamics 43(3), 451— Flight Mechanics Conference, p. 3161 (2018). DOI
461 (2020) 10.2514/6.2018-3161
8. Aslanov, V.S., Misra, A.K., Yudintsev, V.V.: Chaotic at- 24. Skokos, C.: The lyapunov characteristic exponents and
titude motion of a low-thrust tug-debris tethered system their computation. Dynamics of Small Solar System Bod-
in a keplerian orbit. Acta Astronautica 139, 419 — 427 ies and Exoplanets pp. 1-2 (2010)
(2017). DOI 10.1016/j.actaastro.2017.07.008 25. Sugai, F., Abiko, S., Tsujita, T., Jiang, X., Uchiyama,
9. Bombardelli, C., Merino, M., Ahedo, E., Pelaez, J., Ur- M.: Detumbling an uncontrolled satellite with con-
rutxua, H., Iturri-Torreay, A., Herrera-Montojoy, J.: Ari- tactless force by using an eddy current brake. In:
adna call for ideas: active removal of space debris ion 2013 IEEE/RSJ International Conference on Intelligent
beam shepherd for contactless debris removal. ESA Fi- Robots and Systems, pp. 783-788. IEEE (2013). DOI
nal Report, Madrid (2011) 10.1109/IR0OS.2013.6696440
10. Bombardelli, C., Pelaez, J.: Ion beam shepherd for con- 26. Tjavaras, A., Zhu, Q., Liu, Y., Triantafyllou, M., Yue,
tactless space debris removal. Journal of guidance, D.: The mechanics of highly-extensible cables. Journal
control, and dynamics 34(3), 916-920 (2011). DOI of Sound and Vibration 213(4), 709 — 737 (1998). DOI
doi.org/10.2514/1.51832 10.1006/jsvi.1998.1526
11. Calabro, M., Perrot, L.: Xxi century tower: Laser 27. Tong, X., Rimrott, F.P.: Numerical studies on chaotic
orbital debris removal and collision avoidance. planar motion of satellites in an elliptic orbit. Chaos,
Acta Astronautica 158, 220-230 (2019).  DOI Solitons & Fractals 1(2), 179 — 186 (1991). DOI
10.1016/j.actaastro.2018.07.009 10.1016/0960-0779(91)90007-V
12. Chegini, M., Sadati, H., Salarieh, I.: Analytical and nu- 28. Wiggins, S.: Introduction to applied nonlinear dynamical
merical study of chaos in spatial attitude dynamics of a systems and chaos, vol. 2. Springer Science & Business
satellite in an elliptic orbit. Proceedings of the Institu- Media (2003)
tion of Mechanical Engineers, Part C: Journal of Mechan-
ical Engineering Science 233(2), 561-577 (2019). DOI
10.1177/0954406218762019
13. Cichocki, F., Merino, M., Ahedo, E.: Spacecraft-plasma-
debris interaction in an ion beam shepherd mission.
Acta Astronautica 146, 216 — 227 (2018). DOI
10.1016/j.actaastro.2018.02.030
14. Dominguez-Vazquez, A., Cichocki, F., Merino, M., Fa-
jardo, P.; Ahedo, E.: Axisymmetric plasma plume charac-
terization with 2d and 3d particle codes. Plasma Sources
Science and Technology 27(10), 104009 (2018). DOI
10.1088/1361-6595/aae702
15. Fujii, H.A., Ichiki, W., Suda, S.I., Watanabe, T.R.: Chaos
analysis on librational control of gravity-gradient satel-
lite in elliptic orbit. Journal of Guidance, Control, and
Dynamics 23(1), 145-146 (2000). DOI 10.2514,/2.4500
16. Khoroshylov, S.: Out-of-plane relative control of an
ion beam shepherd satellite using yaw attitude devia-
tions. Acta Astronautica 164, 254-261 (2019). DOI
10.1016/j.actaastro.2019.08.016
17. Kitamura, S., Hayakawa, Y., Kawamoto, S.: A reor-
biter for large geo debris objects using ion beam irra-
diation. Acta Astronautica 94(2), 725-735 (2014). DOI
10.1016/j.actaastro.2013.07.037
18. Melnikov, V.: On the stability of the center for time peri-
odic perturbations, trams. Moscow Math. Soc., 12, 1963,
P. I-57
19. Misra, A.: Dynamics and control of tethered satellite sys-
tems. Acta Astronautica 63(11), 1169 — 1177 (2008).
DOI 10.1016/j.actaastro.2008.06.020
20. Phipps, C.R.: L adroit—a spaceborne ultraviolet laser sys-
tem for space debris clearing. Acta Astronautica 104(1),
243-255 (2014). DOI 10.1016/j.actaastro.2014.08.007
21. Phipps, C.R.: Laser ablation propulsion and its applica-

tions in space. In: Advances in the Application of Lasers



