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ABSTRACT

Advanced Mission Scenarios of the Three-Body Problemintroduces one of the 
classical problems of celestial mechanics through the prism of the problems and 
challenges of modern astrodynamics. It examines current issues in modern 
astronautics related to the study and colonization of Mars, exploration of the Moon, 
space debris, and contactless space transportation technologies.
Describing the dynamics of space tether systems and space elevators in the 
gravitational field created by two massive bodies, the book presents an original 
technology for contactless gravitational transportation of space debris using a heavy 
gravitational collector. It provides practical recommendations for the 
implementation of new pioneering missions related to tether transportation in the 
vicinity of libration points, the construction of space elevators on planetary moons, 
and contactless electrostatic and gravitational transportation, including in the 
context of the space debris problem.
This book is intended for space systems and spacecraft engineering industry experts 
and researchers studying space transportation and modern challenges in 
astronautics.
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Chapter 1

Classical Approaches and Methods for Studying 

the Three-Body Problem



The Three-Body Problem
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1 2 3,  ,   m m m are masses of the material points

 11 3 2 16.67430(15) 10 m s kgG - - -= Ö is the gravitational constant

 
ir is the position vector of i-th point Figure 1.1. The three body problem. 



The Restricted 

Three-Body Problem

(1.3)

p is the semilatusrectum

e is the eccentricity of the two-body orbit of the primaries

f is the true anomaly
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U is potential of the gravitational field

Figure 1.2. The Oxyzreference frame. 



Nechvileôsvariables

(1.6)
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Jacobi Integral
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Lagrange Libration Points

(1.11)
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Figure 1.3. The libration points. 



Lagrange Libration Points

(1.12)
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Hillôs Radius

The Hill sphere is the spacearoundan astronomicalobject (suchas a

planet)in which it is ableto hold its satellitedespitethegravitationalpull

of theobjectaroundwhich it orbits.
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Zero-Relative-Velocity Surfaces
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Periodic Orbits



Quasi-satellite orbits

A quasi-satellite orbit (QSO) in a planet-moon systemcan be

defined as an orbit that is in resonancewith the moonôsorbital

motion aroundthe planet. Thesetypesof orbits arelocatedfarther

awaythanthecoplanarlibration pointsL1, L2.

Figure 1.6. Quasi-satellite orbits around the Moon 

obtained for different resonance ratios. 



Chaos in the restricted three-body 

problem



Chapter 2

Space Tether Systems 

for Mars-Phobos Exploration



2.1. Application of tether systems fixed 

at the L1 libration point and at quasi-satellite orbits



Figure 2.1. Concept art of PHLOTE mission 

to explore the surface of Phobos.

Figure 2.2. The scheme of the proposed mission 

to explore the surface of Phobos. 



2.2. A space tether system as a pendulum 

fixed at the L1 libration point 



Figure 2.3. Dependences of the potential energy and the corresponding phase portrait 

for various levels of energy for the tether length.

Constant-length tether oscillations (2.1)L const= l const=
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( ,  )l q are polar coordinates of the small body

( )W q is the dependence of the potential energy W on the angle  q



The tension force control for the tether deployment, angular stabilization 

and maintaining the required distance above the moon surface

(2.5)

Stage1. Tetherdeploymentfrom the orbiter to a given length. At

theendof thedeployment,the tetherrateshouldbezero.

Stage2. The angularstabilizationof the end body relative to the

lower stableequilibrium position ( ) closestto the moonôs

surface.

Stage3. Maintaininga constantaltitudebetweenthe lower endof

the tethersystemand themoonôssurfaceto counteractthe change

in altitudedueto pulsationin theL1 libration point position.
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Numerical simulation of the mission to explore the surface of Phobos under the L1 

libration point 

Stage1

Figure 2.4. The tether deployment length and the oscillation angle 

of the tether for the ejection velocity.

Figure 2.5. The tether deployment length and the oscillation angle 

of the tether for different initial ejection angles. 



Numerical simulation of the mission to explore the surface of Phobos under the L1 

libration point 

Stage2

Figure 2.6. Tether angular stabilization towards Phobos. 

Figure 2.8. The tether oscillation angle and the tether length

during the maintaining stage. 

Figure 2.7. Tether angular stabilization towards Mars.

Stage3



2.3. A double pendulum fixed at the L1 libration point 



Equations of motion of a double pendulum fixed at the L1 libration point 

(2.6)1 2 2 1, ¢m m M M const= =
df

n
dt

(2.8)

Figure 2.9. The double pendulum 

fixed at the L1 libration point. 
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Total potential energy and equilibrium positions of a double pendulum 

(2.9)

Figure 2.10. The total potential energy surface

for an equal pendulum. 

(2.10) *T T t= +  U Tn *= +
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Equilibrium positions map of a double pendulum 

Figure 2.11. The total potential energy surface

for an equal pendulum. 

(2.12)

 

)

2 1
1 1 2 1 12 1 1 123/2 3/2

11 21

2
1 1 2 1 12 2 13/2 3/2

12 22

( (1 ) sin sin sin ( sin
1 1

sin ) sin ( sin sin 0
1

, )

)

F n a l GM l
r r

GM l
r r

rls s l
q q s q q q q

l l

r s l
r q q q r q

l

åå õ
= + - ææ ö
ç ç
+ +

+ +

å õ
+ - + +æ

ç

÷

=ö
+ ÷

 
2 1

2 1 2 2 12 1 2 123/2

21

2
2 2 123/2

22

( ) sin sin ( sin sin
1 1

sin sin 0

, )

)
1

( )

(

l l
F

GM
n a

M

r

l

r

G

q q q q r q q
l l

r q q
l

= - +
+ +

-+
+

+

+ =

-



Equilibrium positions map of a double pendulum 

Figure 2.13. The influence of the parameter 

on the equilibrium lines (2.12). 

Figure 2.12. The influence of the parameter 

on the equilibrium lines (2.12). 

l s



Small motion around lower equilibrium configuration 

Figure 2.14. The mode ratios for the double pendulum

swinging toward Phobos.

Figure 2.15. Dependence of the natural frequencies 

on the length ratio for various mass ratios              
1 2,w w

0.5,1,2.s=

Figure 2.16. Dependence of the mode ratios

on the length ratio for various mass ratios              
1 2,b b

0.5,1,2.s=



Small motion around upper equilibrium configuration

Figure 2.17. The mode ratios for the double pendulum

swinging toward Mars.

Figure 2.18. Dependence of the natural frequencies 

on the length ratio for various mass ratios              
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0.5,1,2.s=

Figure 2.19. Dependence of the mode ratios

on the length ratio for various mass ratios              
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2.4. Partial space elevator fixed 

at the L1 libration point 



Tethersô tension forces during acceleration, 

movement at constant velocity and braking of a climber
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Figure 2.20. The deflection angles 

of the partial space elevator tethers          1 2,q q
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Tethersô tension forces during acceleration, 

movement at constant velocity and braking of a climber

Figure 2.21.The climberôs velocity profile 
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Climbing from the surface of Phobos to the L1 libration point 

and return using a partial space elevator deployed towards Phobos 

Figure 2.22. Changing the deflection angles of the partial space elevator tethers

during the climber lifting from the surface of Phobos to the orbiter (         ). 
Figure 2.24. Changing the deflection angles of the partial space elevator tethers 

during the climber lowering from the orbiter to the surface of Phobos.

Figure 2.23. The dependences of the tension forces on time during 

the climber lifting from the surface of Phobos to the orbiter (         ).  
Figure 2.25. The dependences of the tension forces on time 

during the climber lowering from the orbiter to the surface of Phobos.
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Climbing from the surface of Phobos to the L1 libration point 

and return using a partial space elevator deployed towards Phobos 

Figure 2.26. Changing the deflection angles of the partial space elevator tethers

during the climber lifting from the surface of Phobos to the orbiter (         ). 

Figure 2.27. The dependences of the tension forces on time during 

the climber lifting from the surface of Phobos to the orbiter (         ).  

2s=

2s=

Figure 2.28. Changing the deflection angles of the partial space elevator tethers

during the climber lifting from the surface of Phobos to the orbiter (             ).0.5s=

Figure 2.29. The dependences of the tension forces on time during 

the climber lifting from the surface of Phobos to the orbiter (             ).0.5s=



Climbing to the L1 libration point and return to the elevatorôs end 

using a partial space elevator deployed towards Mars 

Figure 2.30. Changing the deflection angles of the partial space elevator tethers 

during the climber motion towards the L1 libration point. 
Figure 2.31. Changing the deflection angles of the partial space elevator tethers 

during the climber motion towards Mars. 



Turning the partial space elevator from Phobos towards Mars and back 

Figure 2.32. Dependence of the tether deflection angle 

on time when using control.
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Figure 2.33. Dependence of the tether length 

on time when using control.

Figure 2.34. Dependence of the tether tension force

on time when using control.

Figure 2.35. Dependence of the tether deflection angle 

on time when using control.

Figure 2.36. Dependence of the tether length 

on time when using control.

Figure 2.37. Dependence of the tether tension force

on time when using control.
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2.5. Space tether system at quasi-satellite orbit 



Equations of motion of a space tether system at quasi-satellite orbit 

Figure 2.38.Space tether system in the restricted three-body problem. 
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Deployment of tether system from the orbiter in low QSO 

to study the Phobos's surface 

(2.24)
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Phobosôs surface to the Phobos center.
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Figure 2.39. 

Deployment of the space tether system

from the rightmost point.

Figure 2.40. 

Deployment of the space tether system

from the lowestpoint.



Deployment of tether system from the orbiter in low QSO 

to study the Phobos's surface 

Figure 2.41.Time history of the tether deflection angle. Figure 2.43. Time history of the flight velocity 

of the tethered end-body.

Figure 2.42. Time history of the tether length. Figure 2.44. The flight trajectory of the tethered end-body 

over the Phobosôs surface.



Figure 2.45. The tether retrieval at a constant velocity. Figure 2.46. The tether retrieval at a constant velocity with 

an additional control thruster.

Retrieval of the tether system into orbiter in low QSO 

 constrl V=- =  
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Chapter 3

Moon-Anchored Space Elevators



Space elevator concept 

Figure 3.1. Space elevator scheme.



3.2. A pendulum anchored at the surface 

of a moon below the L1 libration point 



Motion equations in the circular case 

(3.1)2 1¢m M M

(3.3)

Figure 3.2. Moon-anchored 

space tether system in Mars-Phobos system. 
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(3.2)

T is the tension force.



Phase portraits and bifurcation diagram in the circular case 

Figure 3.3. a) Phase portrait         , 

and  b) the function            formmmmmmmmm .

( )q q
 ( )Fqq 4000m, 0= =Al y

Figure 3.4. a) Phase portrait         , 

and  b) the function            formmmmmmmmm
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Phase portraits and bifurcation diagram in the circular case 

Figure 3.5. a) Phase portrait         , 

and  b) the function            formmmmmmmmm

( )q q
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Figure 3.6. Bifurcation diagram.


